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Abstract
We study integrable open boundary conditions for d(2, 1;α)2 and psu(1, 1|2)2 spin-chains.
Magnon excitations of these open spin-chains are mapped to massive excitations of type IIB
open superstrings ending on D-branes in the AdS3×S3×S3×S1 and AdS3×S3×T 4 supergravity
geometries with pure R-R flux. We derive reflection matrix solutions of the boundary Yang-
Baxter equation which intertwine representations of a variety of boundary coideal subalgebras
of the bulk Hopf superalgebra. Many of these integrable boundaries are matched to D1- and
D5-brane maximal giant gravitons.
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Part I
Introduction
Integrability has been a remarkable discovery in AdS/CFT, leading to the matching of an infinite
tower of conserved quantities on the gauge and gravity sides of these dualities [1,2]. In the canon-
ical AdS5/CFT4 [3], the infinite-dimensional superalgebra underlying integrability is a Yangian
symmetry [4, 5] with level-0 Lie superalgebra a central extension of su(2|2), denoted su(2|2)c. The
universal enveloping algebra of su(2|2)c is endowed with the structure of a Hopf algebra. Massive
excitations of the worldsheet of a closed IIB superstring on AdS5 × S5 map to su(2|2)c-symmetric
magnon excitations of a closed spin-chain built from states in a representation of psu(2, 2|4), which
is the superisometry algebra of AdS5 × S5. The integrable S-matrix describing two-magnon scat-
tering is identified with the R-matrix of the underlying superalgebra [6]. Three-magnon scattering
factorizes into a succession of two-magnon scattering processes – a statement of integrability en-
coded in the Yang-Baxter equation. Massive excitations of an open IIB superstring ending on a
2
D-brane in AdS5 × S5 map to similar magnon excitations of a psu(2, 2|4) open spin-chain with a
distinguished boundary site [7]. The symmetry of the boundary is determined by the superisome-
tries preserved by the D-brane which are contained in the bulk magnon symmetry algebra su(2|2)c.
This boundary Lie algebra may be extended to a coideal subalgebra of the bulk Hopf superalgebra.
The scattering of a single magnon off an integrable boundary is described by a boundary S-matrix
– the matrix part of which is the reflection K-matrix [8–11]. Two-magnon reflections factorize
into a succession of single-magnon reflections and bulk two-magnon scattering processes – with this
boundary integrability encoded in the boundary Yang-Baxter equation, also called the reflection
equation [12]. The R-matrix intertwines representations of the bulk Hopf superalgebra, while the
K-matrix intertwines representations of a boundary coideal subalgebra of this bulk superalgebra.
Extensive studies, which were initiated in [13], have been made of integrability in AdS3/CFT2. The
dual field theories have been the subject of recent interest [14–17], but much still remains to be
understood. On the string theory side, the IIB supergravity backgrounds AdS3 × S3 ×M4, with
M4 = S3′ × S1 or T 4, are known [18, 19]. Both backgrounds are half-BPS, preserving eight left-
and eight right-moving supersymmetries, and have a combination of NS-NS or R-R 3-form flux –
we focus here exclusively on the case of pure R-R flux. The AdS3 × S3 × S3′ × S1 supergravity
geometry has AdS3 radius L, and S
3 and S3′ radii R and R′, which must satisfy [18]
1
R2
+
1
R′2
=
1
L2
,
implying R = L secβ and R′ = L cscβ. Here α ≡ cos2 β is a parameter related to the relative size
of the 3-spheres. The bosonic isometry algebra is
so(2, 2)⊕ so(4)⊕ so(4)′ ⊕ u(1) ∼ [su(1, 1)⊕ su(2)⊕ su(2)′]
L
⊕ [su(1, 1)⊕ su(2)⊕ su(2)′]
R
⊕ u(1),
which splits into two copies (left and right) of the bosonic subalgebra su(1, 1)⊕su(2)⊕su(2)′ of the
Lie superalgebra d(2, 1;α). The superisometry algebra of AdS3×S3×S3′×S1 is d(2, 1;α)2⊕ u(1).
The size of the 3-sphere S3′ becomes infinite in the α → 1 limit and a compactification1 of the
resulting R3 gives the IIB supergravity background AdS3 × S3 × T 4. The radii of AdS3 and S3,
denoted L, are now the same. The bosonic isometry algebra
so(2, 2)⊕ so(4)⊕ u(1)4 ∼ [su(1, 1)⊕ su(2)]
L
⊕ [su(1, 1)⊕ su(2)]
R
⊕ u(1)4
contains two copies of the bosonic algebra su(1, 1)⊕ su(2) of the Lie superalgebra psu(1, 1|2). The
superisometry algebra of AdS3 × S3 × T 4 is psu(1, 1|2)2 ⊕ u(1)4.
Massive excitations of the worldsheet of a closed IIB superstring on AdS3 × S3 × S3′ × S1 map
to su(1|1)2c-symmetric magnon excitations of a closed, alternating spin-chain built from states in
two representations of d(2, 1;α)2 at odd and even sites. There is symmetry enhancement in the
α → 1 limit. Massive worldsheet excitations of a closed IIB superstring on AdS3 × S3 × T 4 map
to [psu(1|1)2 ⊕ u(1)]2c-symmetric magnon excitations of a closed, homogeneous spin-chain built
from states in a representation of psu(1, 1|2)2. The universal enveloping algebras of su(1|1)2c and
[psu(1|1)2 ⊕ u(1)]2c can be endowed with Hopf algebra structures. Integrable S-matrices describing
two-magnon scattering were derived in [20, 21] (see [22] for a recent review and [23–25] for early
work). The R-matrix of the psu(1, 1|2)2 spin-chain is essentially two copies of the R-matrix of the
d(2, 1;α)2 spin-chain. A variety of results for the string sigma model were obtained in [26–37], and
a proposal for the dressing phases was put forward in [38] (see also [39]). The scattering of massless
excitations of the superstring worldsheet was considered in [40–44].
1Here we ignore complications which arise from neglecting winding modes.
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Integrability manifests here in the form of infinite-dimensional Yangian symmetries. Hopf algebra
structures in AdS5/CFT4 were described in [45, 46], and the full su(2|2)c Yangian symmetry was
introduced in [47] and further explored in [48,49]. Yangian symmetries in AdS3/CFT2 were explored
in [21, 50], but only recently fully described in [51]. Since the representation theory of su(1|1)2c
is relatively simple, with massive excitations being vectors in a 2-dimensional atypical (short)
representation and the R-matrix intertwining two 4-dimensional typical (long) representations, the
Yangian is not needed to obtain the R-matrix (see [52] for the situation in AdS5/CFT4). However, it
is necessary to know the full Yangian symmetry to construct the Algebraic Bethe Ansatz equations.
The Bethe equations for AdS3/CFT2 were proposed in [53] and later derived using the coordinate
method in [54]. Boundary Yangian symmetry for AdS5/CFT4 has undergone an extensive study
in [55–60] and the boundary Bethe equations were constructed in [11,61–64]. The natural next step
in the exploration of integrability and the spectral problem for open superstrings in AdS3/CFT2 is
to find the boundary Yangian symmetries and hence derive the Bethe equations.
A comprehensive study of open spin-chains with integrable boundaries in AdS3/CFT2 is presented
in this paper. The d(2, 1;α)2 and psu(1, 1|2)2 open spin-chains map to open IIB superstrings ending
on D-branes in AdS3 × S3 × S3′ × S1 and AdS3 × S3 × T 4. In particular, half- and quarter-BPS
maximal D1- and D5-brane giant gravitons [65–67] provide a variety of integrable boundaries. We
derive reflection matrices which describe single-magnon scattering off singlet and vector boundary
states. As for the bulk R-matrix, the K-matrices of the psu(1, 1|2)2 spin-chain can be built from two
K-matrices of the d(2, 1;α)2 spin-chain. In the d(2, 1;α)2 case, the reflection matrices intertwine
representations of totally supersymmetric, half-supersymmetric and non-supersymmetric boundary
Lie algebras (symmetries of the D-branes), which can be extended to coideal subalgebras of the bulk
Hopf superalgebra. Several of our reflection matrices coincide with certain su(1|1) subsectors of the
reflection matrices of psu(2, 2|4) open spin-chains. These map to open IIB superstrings ending on
D3-brane Y = 0 and Z = 0 giant gravitons [8] and D7-branes [9] in AdS5 × S5. We uncover novel
hidden boundary symmetries of a chiral reflection matrix with a non-supersymmetric boundary Lie
algebra – these have no known analogue in AdS5/CFT4. We also derive an achiral reflection matrix
for a non-supersymmetric boundary Lie algebra generated by the magnon Hamiltonian.
The structure of this paper is as follows: D1- and D5-brane maximal giant gravitons and their
symmetries are described in Part II. Chapters 1 and 2 therein focus on maximal giant gravitons in
AdS3×S3×S′3×S1 and AdS3×S3×T 4, respectively. Part III describes the d(2, 1;α)2 closed and
open spin-chains. Chapter 3 contains a review of the d(2, 1;α)2 closed spin-chain and its R-matrices.
Here we choose a different frame for the U-deformation of the bulk Hopf superalgebra from the one
used in [20]; this frame is more convenient for the boundary scattering theory. Chapter 4 presents
our novel results for the d(2, 1;α)2 open spin-chain. We derive various K-matrices and describe
the associated boundary coideal subalgebras. The psu(1, 1|2)2 closed and open spin-chains are the
subject of Part IV. Chapter 5 contains a brief review of the psu(1, 1|2)2 closed spin-chain and its
R-matrices. Our new results concerning psu(1, 1|2)2 open spin-chains, K-matrices and boundary
coideal subalgebras are presented in Chapter 6. Concluding remarks are contained in Part V.
Appendix A states our spinor conventions. Appendix B describes the relevant representation theory
of d(2, 1;α) and psu(1, 1|2). Appendix C shows various useful expressions relating to the SO(2, 2)
and SO(4) bosonic isometry groups of the supergravity backgrounds.
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Part II
Maximal giant gravitons
1 Maximal giant gravitons on AdS3 × S3 × S3′ × S1
We start by giving the details of the type IIB supergravity background AdS3 × S3 × S3′ × S1 with
pure R-R 3-form flux, and describe D1- and D5-brane maximal giant gravitons based on [67].
1.1 AdS3 × S3 × S3′ × S1 with pure R-R flux
IIB supergravity solution. The AdS3 × S3 × S3′ × S1 background has the metric
ds2 = L2
(− cosh2 ρ dt2 + dρ2 + sinh2 ρ dϕ2) + R2 (dθ2 + cos2 θ dχ2 + sin2 θ dφ2)
+ R′2
(
dθ′2 + cos2 θ′ dχ′2 + sin2 θ′ dφ′2
)
+ `2 dξ2, (1.1)
with R = L secβ and R′ = L cscβ, where α ≡ cos2 β. This geometry is symmetric under α→ 1−α
and an interchange of S3 and S3
′
. The 3-form field strength F(3) = dC(2) is given by
F(3) = 2L
2 dt ∧ (sinh ρ cosh ρ dρ) ∧ dϕ
+ 2R2 (sin θ cos θ dθ) ∧ dχ ∧ dφ+ 2R′2 (sin θ′ cos θ′ dθ′) ∧ dχ′ ∧ dφ′ (1.2)
in the case of pure R-R flux. The Hodge dual 7-form field strength F(7) = dC(6) = ∗F(3) is
F(7) = −
2R3R′3`
L
(sin θ cos θ dθ) ∧ dχ ∧ dφ ∧ (cos θ′ sin θ′ dθ′) ∧ dχ′ ∧ dφ′ ∧ dξ
− 2L
3R′3`
R
dt ∧ (sinh ρ cosh ρ dρ) ∧ dϕ ∧ (sin θ′ cos θ′ dθ′) ∧ dχ′ ∧ dφ′ ∧ dξ
+
2L3R3`
R′
dt ∧ (sinh ρ cosh ρ dρ) ∧ dϕ ∧ (sin θ cos θ dθ) ∧ dχ ∧ dφ ∧ dξ. (1.3)
The 3-form and 5-form fluxes couple to D1- and D5-branes. Dynamically stable giant gravitons with
angular momentum on both 3-spheres were shown to exist in [67]. D1- and D5-brane maximal giant
gravitons provide integrable boundary conditions for open IIB superstrings on AdS3×S3×S3′×S1.
Supersymmetry. The supersymmetry variations of the dilatino and gravitino are2
δλ =
i
4
/F (3) (Bε)
∗, δΨM = ∇M ε− i
8
/F (3) ΓM (Bε)
∗, (1.4)
2The vielbeins EˆA = EAM dx
M are given by
Eˆ0 = L cosh ρ dt, Eˆ1 = Ldρ, Eˆ2 = L sinh ρ dϕ, Eˆ3 = Rdθ, Eˆ4 = R cos θ dχ, Eˆ5 = R sin θ dφ,
Eˆ6 = R′ dθ′, Eˆ7 = R′ cos θ′ dχ′, Eˆ8 = R′ sin θ′ dφ′, Eˆ9 = ` dξ.
The supercovariant derivatives ∇M = ∂M + ΩABM ΓAB , with ΩˆAB = ΩABM dxM satisfying dEˆA + ΩˆAB ∧ EˆB , are
∇t = ∂t + 12 sinh ρ Γ01, ∇ρ = ∂ρ, ∇ϕ = ∂ϕ − 12 cosh ρ Γ12, ∇θ = ∂θ, ∇χ = ∂χ + 12 sin θ Γ34,
∇φ = ∂φ − 12 cos θ Γ35, ∇θ′ = ∂θ′ , ∇χ′ = ∂χ′ + 12 sin θ′ Γ67, ∇φ′ = ∂φ′ − 12 cos θ′ Γ68, ∇ξ = ∂ξ.
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parameterised by ε = ε1+i ε2, with the 32-component Weyl-Majorana spinors εI satisfying Γ εI = εI
and (BεI)∗ = εI , for I ∈ {1, 2}. The charge conjugation matrix is C = B Γ0. Also3
/F (3) =
2
L
Γ012
(
I+
√
α Γ012 Γ345 +
√
1− α Γ012 Γ678) = 4
L
Γ012K+(α), (1.5)
with our gamma matrix conventions shown in Appendix A. Here
K±(α) ≡ 1
2
[
I ± (√α Γ012 Γ345 +√1− α Γ012 Γ678)] . (1.6)
The gravitino Killing-spinor equation δΨM = 0 implies a solution of the form [67]
ε
(
xM
)
= M+(xM) ε+ + M−(xM) ε− = M+(xM) (1 + i) εL + M−(xM) (1 + i) εR, (1.7)
decomposed into left- and right-movers, with
M±(xM) = e± 12 ρΓ02 e 12 (ϕ± t) Γ12 e± 12 θΓ45 e 12 (φ∓χ) Γ35 e± 12 θ′Γ78 e 12 (φ′∓χ′) Γ68 . (1.8)
Here i (Bε±)∗ = ± ε± and Γ ε± = ε±, with ε+ = (1 + i) εL and ε− = (1 + i) εR. The left- and right-
movers satisfy (BεL)∗ = εL and (BεR)∗ = −εR, with Γ εa = εa, for a ∈ {L, R}. The Weyl-Majorana
spinors are written in terms of these left- and right-movers as εI = εL − i (−1)I εR.
The dilatino Killing-spinor equation δλ = 0 now further implies K+(α) εa = 0, which halves the
number of left- and right-moving degrees of freedom from 16 to 8, yielding a half-BPS geometry.
The spinors εL and εR can be decomposed into eigenstates εL bββ˙ and εR bββ˙, which have eigenvalues
(b, β, β˙) = (±,±,±) of the Dirac bilinears given in (A.6):
i Γ12 ε
a bββ˙ = b εa bββ˙, i Γ35 ε
a bββ˙ = −β εa bββ˙, i Γ68 εa bββ˙ = − β˙ εa bββ˙. (1.9)
The IIB supergravity background AdS3×S3×S3′×S1 is thus invariant under eight left and eight
right-moving supersymmetry transformations, parameterised by εa bββ˙, which satisfy
K+(α) εa bββ˙ = 0 and hence K−(α) εa bββ˙ = εa bββ˙. (1.10)
This gives rise to the kappa symmetry condition K+(α) Θa bββ˙(τ, σ) = 0 of [13] when the target
space superfields are pulled back to the superstring worldsheet to give XM (τ, σ) and Θa bββ˙(τ, σ).
Here the spinors εa bββ˙ parameterize translations in these spinor directions in superspace, which are
generated by the supercharges Qa bββ˙. The full superisometry algebra is d(2, 1;α)L⊕d(2, 1;α)R⊕u(1),
with the details of the exceptional Lie superalgebra d(2, 1;α) given in Appendix B. It was noted
in [13] that this is the correct kappa symmetry gauge choice to allow for comparison between
the Green-Schwarz action and their Z4-graded (d(2, 1;α)L ⊕ d(2, 1;α)R)/ (su(1, 1) ⊕ su(2) ⊕ su(2))
integrable coset model which describes a closed IIB superstring on AdS3 × S3 × S3′ × S1.
1.2 Maximal giant gravitons and boundary algebras
Massive excitations of a closed IIB superstring on AdS3×S3×S3′×S1 map to magnon excitations of
a d(2, 1;α)2 closed spin-chain. Chapter 3 discusses how choosing a vacuum Z breaks the d(2, 1;α)2
symmetry to su(1|1)2, centrally extended to su(1|1)2c . An open IIB superstring ending on a D-brane
maps to a d(2, 1;α)2 open spin-chain with boundaries. The boundary Lie algebra is a subalgebra of
su(1|1)2c determined by the D-brane symmetries which survive the choice of spin-chain vacuum. This
can be extended to a coideal subalgebra of the Hopf superalgebra, as explained in Chapter 4. We
classify boundary Lie algebras for D5- and D1-brane maximal giant gravitons in AdS3×S3×S3′×S1.
3Here we use the notation /F (3) ≡ 13! F(3)NRS ENA ERB ESC ΓABC .
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1.2.1 Maximal D5-brane giant gravitons
The D5-brane giant graviton of [67] factorizes at maximum size into two D5-branes, which wrap
S1 × S3′ × S1 and S3 × S1′ × S1, and move only along the time direction in AdS3. Each half-BPS
D5-brane preserves four left- and four right-moving supersymmetries on its worldvolume. We focus
on the first half of the maximal giant (see Figure 1). This breaks the bosonic isometry algebra to
(u(1)⊕ u(1)) ⊕ (u(1)⊕ u(1)) ⊕ so(4)′ ⊕ u(1) ⊂ so(2, 2) ⊕ so(4) ⊕ so(4)′ ⊕ u(1).
Figure 1: Half of the D5-brane maximal giant graviton wrapping S1×S3′×S1 in AdS3×S3×S3′×S1.
Z = 0 giant. Let us take the C2 and C′2 embedding coordinates of the 3-spheres to be
(Z, Y ) = (x1 + ix2, x3 + ix4) = (R cos θ e
iχ, R sin θ eiφ),
(Z ′, Y ′) = (x′1 + ix
′
2, x
′
3 + ix
′
4) = (R
′ cos θ′ eiχ
′
, R′ sin θ′ eiφ
′
), (1.11)
as in [67]. The maximal D5-brane giant graviton consists of Z = 0 and Z ′ = 0 halves. Let us focus
on the Z = 0 giant which wraps the φ great circle in S3 and the S3′ × S1 space. The worldvolume
metric, obtained by setting ρ = 0 and θ = pi2 , is
ds2 = −L2 dt2 +R2 dφ2 +R′2
(
dθ′2 + cos2 θ′ dχ′2 + sin2 θ′ dφ′2
)
+ `2 dξ2.
The bosonic symmetries of this D5-brane include time translations and rotations in AdS3, rotations
in S3 in the x1x2 and x3x4-planes, and all rotations in S
3′, generated by
Ja 0 ∈ u(1)a ⊂ su(1, 1)a, La 5 ∈ u(1)a ⊂ su(2)a, {Ra 8, Ra±} ∈ su(2)′a, for a ∈ {L, R},
with the splitting of so(2, 2), so(4) and so(4)′ into left and right algebras shown in Appendix C.
The Cartan elements of the su(1|1)2 superalgebra, denoted Ha = −Ja 0 − αLa 5 − (1− α)Ra 8, are
thus included in the generators of bosonic symmetries of the Z = 0 giant.
Kappa symmetry on the worldvolume of the D5-brane requires
Γ056789 ε = − i (Bε)∗, (1.12)
with the pullback of the Killing spinor (1.7) given by
ε = (1 + i)M+(t, φ, θ′, χ′, φ′, ξ) εL + (1 + i)M−(t, φ, θ′, χ′, φ′, ξ) εR. (1.13)
Here K+(α) εa = 0, for a ∈ {L, R}. This kappa symmetry condition reduces to
Γ12 ε
a = Γ35 ε
a, (1.14)
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and hence εa bββ˙ has labels satisfying −b = β, with β˙ free. The 4+4 supersymmetries compatible
with kappa symmetry on the worldvolume of the Z = 0 giant are generated by
{Qa−++ ≡ Qa, Qa−+−, Qa +−− ≡ Sa, Qa +−+}.
The symmetries of this D5-brane include the su(1|1)2 superalgebra generated by {Qa,Sa,Ha} which
acts on magnon excitations of the d(2, 1;α)2 spin-chain. The boundary Lie algebra is the centrally
extended su(1|1)2c . We say the Z = 0 giant is completely aligned with the spin-chain vacuum Z.
Y = 0 giant. An SO(4) transformation taking Z to Y corresponds to simultaneous rotations by
θ13 = θ24 =
pi
2 in the x1x3 and x2x4 planes, achieved by UL = iσ1 and UR = I (see Appendix C).
The 4+4 supersymmetries on the worldvolume of the Y = 0 giant are hence
{QL−−+, QL−−−, QL ++−, QL +++, QR−++ ≡ QR, QR−+−, QR +−− ≡ SR, QR +−+}.
Thus {QR,SR,HR,HL} are both worldvolume symmetries and in the su(1|1)2c superalgebra of magnon
excitations, and generate the right half-supersymmetric boundary Lie algebra u(1)L ⊕ su(1|1)R.
Y¯ = 0 giant. An SO(4) transformation which takes Z to Y¯ is obtained by setting θ13 = −θ24 = pi2 ,
corresponding to UL = I and UR = −iσ1. The 4+4 supersymmetries of the Y¯ = 0 giant are
{QL−++ ≡ QL, QL−+−, QL +−− ≡ SL, QL +−+, QR−−+, QR−−−, QR ++−, QR +++}.
Here {QL,SL,HL,HR} generate the left half-supersymmetric boundary Lie algebra su(1|1)L ⊕ u(1)R.
Z¯ = 0 giant. An SO(4) rotation taking Z to Z¯ is obtained by setting θ24 = pi, which corresponds
to UL = iσ1 and UR = iσ1. The 4+4 supersymmetries of the Z¯ = 0 giant are thus
{QL−−+, QL−−−, QL ++−, QL +++, QR−−+, QR−−−, QR ++−, QR +++},
none of which are in the su(1|1)2c superalgebra, although the Cartan elements Ha remain worldvol-
ume symmetries. The boundary Lie algebra u(1)L ⊕ u(1)R is therefore non-supersymmetric.
We also consider the Z ′ = 0 giant which is completely aligned with the spin-chain vacuum Z and has
totally supersymmetric boundary algebra su(1|1)2c . Then SO(4)′ transformations yield the Y ′ = 0,
Y¯ ′ = 0 and Z¯ ′ = 0 giants, which give right and left half-supersymmetric, and non-supersymmetric
boundary algebras, u(1)L ⊕ su(1|1)R, su(1|1)L ⊕ u(1)R and u(1)L ⊕ u(1)R (see Table 1.1).
D5 giant bosonic generators supersymmetry generators boundary algebra
Z = 0 {Ja 0, La 5, Ra±, Ra 8} {Qa−+±, Qa+−±} su(1|1)2c
Y = 0 {Ja 0, La 5, Ra±, Ra 8} {QL−−±, QL++±, QR−+±, QR+−±} u(1)L ⊕ su(1|1)R
Y¯ = 0 {Ja 0, La 5, Ra±, Ra 8} {QL−+±, QL+−±, QR−−±, QR++±} su(1|1)L ⊕ u(1)R
Z¯ = 0 {Ja 0, La 5, Ra±, Ra 8} {QL−−±, QL++±, QR−−±, QR++±} u(1)L ⊕ u(1)R
Z ′ = 0 {Ja 0, La±, La 5, Ra 8} {Qa−±+, Qa+±−} su(1|1)2c
Y ′ = 0 {Ja 0, La±, La 5, Ra 8} {QL−±−, QL+±+, QR−±+, QR+±−} u(1)L ⊕ su(1|1)R
Y¯ ′ = 0 {Ja 0, La±, La 5, Ra 8} {QL−±+, QL+±−, QR−±−, QR+±+} su(1|1)L ⊕ u(1)R
Z¯ ′ = 0 {Ja 0, La±, La 5, Ra 8} {QL−±−, QL+±+, QR−±−, QR+±+} u(1)L ⊕ u(1)R
Table 1.1: Boundary Lie algebras for D5-brane maximal giant gravitons on AdS3 × S3 × S3′ × S1.
8
1.2.2 Maximal D1-brane giant gravitons
The maximal D1-brane giant graviton of [67] wraps a 1-cycle wound around a torus S1×S1′ made
up of two great circles of radii R and R′ on the 3-spheres. This quarter-BPS D1-brane preserves
two left- and two right-moving supersymmetries on its worldvolume. As shown in Figure 2, the
bosonic isometry algebra is broken by our choice of torus to
(u(1)⊕ u(1)) ⊕ (u(1)⊕ u(1)) ⊕ (u(1)′ ⊕ u(1)′) ⊂ so(2, 2) ⊕ so(4) ⊕ so(4)′ ⊕ u(1)
and further by the D1-brane to
(u(1)⊕ u(1)) ⊕ (u(1)σ ⊕ u(1)⊕ u(1)′) .
Figure 2: The D1-brane maximal giant graviton wraps a 1-cycle on a S1×S1′ in AdS3×S3×S3′×S1.
Z = Z ′ = 0 giant. Let us again make use of the coordinates (1.11). The maximal D1-brane giant
graviton is specified in [67] by ρ = 0 and Z = Z ′ = 0, which gives θ = θ′ = pi2 . The worldvolume is
parameterized by (t, σ), where we define φ = ασ and φ′ = (1−α)σ. The D1-brane wraps a 1-cycle
on the torus (φ, φ′). The worldvolume metric is
ds2 = −L2 dt2 + L2 dσ2.
The bosonic symmetries of the torus are generated by all the Cartan elements {Ja 0, La 5, Ra 8}. The
D1-brane itself wraps a 1-cycle on this torus. Its symmetries are time translations and rotations in
AdS3, rotations in S
3 and S3′ in the x1x2 and x′1x′2-planes transverse to the torus, and translations
along the 1-cycle in the worldvolume direction σ. These bosonic symmetries of the Z = Z ′ = 0
giant are generated by
Ja 0 ∈ u(1)a ⊂ su(1, 1)a, LL 5 − LR 5 ∈ u(1), RL 8 −RR 8 ∈ u(1)′,
−α (LL 5 + LR 5)− (1− α) (RL 8 + RR 8) ∈ u(1)σ
or, equivalently, by the generators
{Ja 0, Ha, RL 8 −RR 8}, for a ∈ {L, R}.
Kappa symmetry on the worldvolume of the D1-brane requires
Γ0
(√
α Γ5 +
√
1− α Γ8
)
ε = − i (Bε)∗, (1.15)
with the pullback of the Killing spinor (1.7) given by
ε =M+(t, σ) (1 + i) εL + M−(t, σ) (1 + i) εR. (1.16)
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Here K+(α) εa = 0, for a ∈ {L, R}. This kappa symmetry condition reduces to
Γ12 ε
a = Γ35 ε
a = Γ68 ε
a. (1.17)
The left and right-moving supersymmetries preserved on the D1-brane worldvolume are parame-
terized by εa bββ˙, with labels satisfying −b = β = β˙. The 2+2 supersymmetries compatible with
kappa symmetry on the worldvolume of the Z = Z ′ = 0 maximal D1 giant are thus generated by
{Qa−++ ≡ Qa, Qa +−− ≡ Sa}.
The generators of the symmetries of this D1-brane include all the generators {Ha,Qa,Sa} of the
su(1|1)2 superalgebra of magnon excitations of the d(2, 1;α)2 spin-chain, which is centrally extended
to su(1|1)2c . The Z = Z ′ = 0 giant is thus totally aligned with the spin-chain vacuum Z and the
boundary Lie algebra is the full superalgebra su(1|1)2c .
Various giant gravitons and boundary Lie algebras may again be obtained by SO(4) or (and) SO(4)
transformations on one (both) 3-spheres. The results are summarized in Table 1.2. Here u(1)± are
generated by one Cartan element HL±HR. In Chapter 4, we will show that totally supersymmetric,
right and left half-supersymmetric and non-supersymmetric boundary algebras, su(1|1)2c , u(1)L ⊕
su(1|1)R, su(1|1)L⊕u(1)R, u(1)L⊕u(1)R and u(1)+, provide integrable open boundary conditions for
the d(2, 1;α)2 spin-chain; that is, we find reflection matrices which intertwine representations of
these boundary Lie algebras and satisfy the boundary Yang-Baxter (reflection) equation. However,
the boundary Lie algebras su(1|1)L, su(1|1)R, u(1)L, u(1)R and u(1)− will not give rise to reflection
matrices without enhanced boundary symmetry.
D1 giant bosonic generators supersymmetry generators boundary algebra
Z = Z ′ = 0 {Ja 0, Ha, LL 5 − LR 5} {Qa−++, Qa+−−} su(1|1)2c
Y = Z ′ = 0 {Ja 0, HL + 2αLL 5, HR, LL 5 + LR 5} {QL−−+, QL++−, QR−++, QR+−−} su(1|1)R
Z = Y ′ = 0 {Ja 0, HL + 2αLL 5, HR, LL 5 − LR 5} {QL−+−, QL+−+, QR−++, QR+−−} su(1|1)R
Y¯ = Z ′ = 0 {Ja 0, HL, HR + 2αLR 5, LL 5 + LR 5} {QL−++, QL+−−, QR−−+, QR++−} su(1|1)L
Z = Y¯ ′ = 0 {Ja 0, HL, HR + 2αLR 5, LL 5 − LR 5} {QL−++, QL+−−, QR−+−, QR+−+} su(1|1)L
Z¯ = Z ′ = 0 {Ja 0, HL − HR, HR + 2αLR 5, LL 5 − LR 5} {Qa−−+, Qa++−} u(1)−
Z = Z¯ ′ = 0 {Ja 0, HL − HR, HR + 2αLR 5, LL 5 − LR 5} {Qa−+−, Qa+−+} u(1)−
Y = Y ′ = 0 {Ja 0, Ha, LL 5 + LR 5} {QL−−−, QL+++, QR−++, QR+−−} u(1)L ⊕ su(1|1)R
Y¯ = Y¯ ′ = 0 {Ja 0, Ha, LL 5 + LR 5} {QL−++, QL+−−, QR−−−, QR+++} su(1|1)L ⊕ u(1)R
Z¯ = Z¯ ′ = 0 {Ja 0, Ha, LL 5 − LR 5} {Qa−−−, Qa+++} u(1)L ⊕ u(1)R
Y¯ = Y ′ = 0 {Ja 0, HL + HR, HR + 2αLR 5, LL 5 + LR 5} {QL−+−, QL+−+, QR−−+, QR++−} u(1)+
Y = Y¯ ′ = 0 {Ja 0, HL + HR, HR + 2αLR 5, LL 5 + LR 5} {QL−−+, QL++−, QR−+−, QR+−+} u(1)+
Y = Z¯ ′ = 0 {Ja 0, HL, HR + 2αLR 5, LL 5 + LR 5} {QL−−−, QL+++, QR−+−, QR+−+} u(1)L
Z¯ = Y ′ = 0 {Ja 0, HL, HR + 2αLR 5, LL 5 − LR 5} {QL−−−, QL+++, QR−−+, QR++−} u(1)L
Y¯ = Z¯ ′ = 0 {Ja 0, HL + 2αLL 5, HR, LL 5 + LR 5} {QL−+−, QL+−+, QR−−−, QR+++} u(1)R
Z¯ = Y¯ ′ = 0 {Ja 0, HL + 2αLL 5, HR, LL 5 − LR 5} {QL−−+, QL++−, QR−−−, QR+++} u(1)R
Table 1.2: Boundary Lie algebras for D1-brane maximal giant gravitons on AdS3 × S3 × S3′ × S1.
2 Maximal giant gravitons on AdS3 × S3 × T 4
We now give the details of the type IIB supergravity background AdS3 × S3 × T 4 with pure R-R
3-form flux, and discuss D1- and D5-brane maximal giant gravitons based on [65,66].
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2.1 AdS3 × S3 × T 4 with pure R-R flux
IIB supergravity solution. The metric of the AdS3 × S3 × T 4 background is
ds2 = L2
(− cosh2 ρ dt2 + dρ2 + sinh2 ρ dϕ2) + L2 (dθ2 + cos2 θ dχ2 + sin2 θ dφ2)+ `2i dξ2i . (2.1)
The 3-form field strength F(3) = dC(2) is given by
F(3) = 2L
2 dt ∧ (sinh ρ cosh ρ dρ) ∧ dϕ+ 2L2 (sin θ cos θ dθ) ∧ dχ ∧ dφ (2.2)
in the case of pure R-R flux. The Hodge dual 7-form field strength F(7) = dC(6) = ∗F(3) is
F(7) = − 2L2`1`2`3`4 (sin θ cos θ dθ) ∧ dχ ∧ dφ ∧ dξ1 ∧ dξ2 ∧ dξ3 ∧ dξ4
− 2L2`1`2`3`4 dt ∧ (sinh ρ cosh ρ dρ) ∧ dϕ ∧ dξ1 ∧ dξ2 ∧ dξ3 ∧ dξ4. (2.3)
These 3-form and 5-form fluxes couple to the D5- and D1-brane giant gravitons of [65, 66] which
have angular momentum on the 3-sphere. Maximal D1- and D5-brane giant gravitons provide
integrable boundaries for open IIB superstrings on AdS3 × S3 × T 4.
Supersymmetry. The supersymmetry variations of the dilatino and gravitino (1.4) are now
written4 in terms of
/F (3) =
2
L
Γ012
(
I+ Γ012 Γ345
)
=
4
L
Γ012K+, where K± ≡ 1
2
(
I ± Γ012 Γ345) . (2.4)
The gravitino Killing-spinor equation δΨM = 0 implies a solution of the form
ε
(
xM
)
=M+(xM) (1 + i) εL +M−(xM) (1 + i) εR, (2.5)
decomposed into left and right-movers, with
M±(xM) = e± 12 ρΓ02 e 12 (ϕ± t) Γ12 e± 12 θΓ45 e 12 (φ∓χ) Γ35 . (2.6)
The dilatino Killing-spinor equation δλ = 0 further implies K+ εa = 0 which halves the number of
left and right-moving degrees of freedom. The spinors εL and εR can be decomposed into eigenstates
εL bββ˙ and εR bββ˙. This Killing spinor (2.5) can be seen as the α→ 1 limit of (1.7).
The IIB supergravity background AdS3 × S3 × T 4 is thus invariant under eight left- and eight
right-moving supersymmetry transformations, parameterised by εa bββ˙, which satisfy
K+ εa bββ˙ = 0 and hence K− εa bββ˙ = εa bββ˙. (2.7)
These supersymmetry transformations are generated by the supercharges Qa bββ˙. The superisome-
try algebra is psu(1, 1|2)L ⊕ psu(1, 1|2)R ⊕ u(1)4 with the details of the Lie superalgebra psu(1, 1|2)
given in Appendix C.
4The vielbeins EˆA = EAM dx
M are
Eˆ0 = L cosh ρ dt, Eˆ1 = Ldρ, Eˆ2 = L sinh ρ dϕ, Eˆ3 = Ldθ, Eˆ4 = L cos θ dχ, Eˆ5 = L sin θ dφ,
Eˆ6 = `1 dξ1, Eˆ
7 = `2 dξ2, Eˆ
8 = `3 dξ3, Eˆ
9 = `4 dξ4
and the supercovariant derivatives are given by
∇t = ∂t + 12 sinh ρ Γ01, ∇ρ = ∂ρ, ∇ϕ = ∂ϕ − 12 cosh ρ Γ12, ∇θ = ∂θ, ∇χ = ∂χ + 12 sin θ Γ34,
∇φ = ∂φ − 12 cos θ Γ35, ∇ξi = ∂ξi .
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2.2 Maximal giant gravitons and boundary algebras
A closed IIB superstring on AdS3 × S3 × T 4 maps to a closed psu(1, 1|2)2 spin-chain, as described
in Chapter 5, with magnon excitations transforming under a centrally extended [psu(1|1)2⊕ u(1)]2c
superalgebra specified by our choice of vacuum Z. An open IIB superstring ending on a D-brane
maps to a psu(1, 1|2)2 open spin-chain with the boundary Lie algebra determined by the D-brane
symmetries which survive the choice of vacuum. We consider D1- and D5-brane maximal giant
gravitons which yield boundary Lie algebras, extended to the coideal subalgebras in Chapter 6
2.2.1 Maximal D1- and D5-brane giant gravitons
Both the maximal giant gravitons wrap a great circle in S3, with the D1-brane point-like in the T 4
and the D5-brane wrapping the entire T 4 space [65,66]. We consider these D1 and D5-brane giants
simultaneously. As shown in Figure 3, the bosonic isometry algebra breaks to
(u(1)⊕ u(1)) ⊕ (u(1)⊕ u(1)) ⊂ so(2, 2) ⊕ so(4) ⊕ u(1)4 and
(u(1)⊕ u(1)) ⊕ (u(1)⊕ u(1)) ⊕ u(1)4 ⊂ so(2, 2) ⊕ so(4) ⊕ u(1)4.
Figure 3: The D1- and D5-brane maximal giant gravitons wrapping S1 and S1×T 4 inAdS3×S3×T 4.
Z = 0 giants. Let us take the C2 embedding coordinates of the 3-sphere to be
(Z, Y ) = (x1 + ix2, x3 + ix4) = (L cos θ e
iχ, L sin θ eiφ). (2.8)
The Z = 0 giant wraps the φ-circle in S3, and is obtained by setting ρ = 0 and θ = pi2 . The D1 and
D5-brane worldvolume coordinates are (t, φ) and (t, φ, ξi). The worldvolume metrics are
ds2 = −L2 dt2 + L2 dφ2 and ds2 = −L2 dt2 + L2 dφ2 + `2i dξ2i .
The bosonic symmetries of these D-branes include time translations and rotations in AdS3, and
rotations in S3 in the x1x2 and x3x4-planes, generated by
Ja 0 ∈ u(1)a ⊂ su(1, 1)a, La 5 ∈ u(1)a ⊂ su(2)a, for a ∈ {L, R},
with the splitting of so(2, 2) and so(4) in Appendix C. The Cartan elements of (psu(1, 1)2⊕ u(1))2,
denoted Ha = −Ja 0 − La 5, are thus generators of bosonic symmetries of the Z = 0 giants.
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Kappa symmetry on the worldvolume of the D1- and D5-brane requires
Γ05 ε = −i (Bε)∗ and Γ056789 ε = −i (Bε)∗, (2.9)
respectively, with the pullback of the Killing spinor (2.5) to the worldvolume given by
ε =M+(t, φ) (1 + i) εL + M−(t, φ) (1 + i) εR (2.10)
in both cases. Here K+ εa = 0, for a ∈ {L, R}. This kappa symmetry condition reduces to
Γ12 ε
a = Γ35 ε
a. (2.11)
Hence εa bββ˙ satisfies −b = β, with β˙ a free label. The 4+4 supersymmetries compatible with kappa
symmetry on the worldvolume of the D1- and D5-brane Z = 0 giants are generated by
{Qa−++ ≡ Qa1, Qa−+− ≡ Qa2, Qa +−− ≡ Sa1, Qa +−+ ≡ Sa2}.
The generators of the symmetries of these D1- and D5-branes include all the generators {Ha, Qai, Sai}
of the (psu(1|1)2⊕u(1))2 superalgebra of magnon excitations of the psu(1, 1|2)2 spin-chain, centrally
extended to (psu(1|1)2 ⊕ u(1))2c . These Z = 0 giants are therefore aligned with the Z vacuum of
the spin-chain. We expect the boundary Lie algebra to be the full superalgebra [psu(1|1)2⊕ u(1)]2c .
Y = 0 giants. An SO(4) rotation with θ13 = θ24 =
pi
2 takes Z to Y , corresponding to UL = iσ1
and UR = I. The 4+4 supersymmetries on the worldvolume of the Y = 0 giants are generated by
{QL−−+, QL−−−, QL ++−, QL +++,
QR−++ ≡ QR1, QR−+− ≡ QR2, QR +−− ≡ SR1, QR +−+ ≡ SR2}.
The boundary Lie algebra u(1)L ⊕ [psu(1|1)2 ⊕ u(1)]R is right half-supersymmetric.
Y¯ = 0 giants. An SO(4) transformation with θ13 = −θ24 = pi2 takes Z to Y¯ , and corresponds to
UL = I and UR = −iσ1. The 4+4 supersymmetries of the Y¯ = 0 giants are generated by
{QL−++ ≡ QL1, QL−+− ≡ QL2, QL +−− ≡ SL1, QL +−+ ≡ SL2,
QR−−+, QR−−−, QR ++−, QR +++}.
The boundary Lie algebra [psu(1|1)2 ⊕ u(1)]L ⊕ u(1)R is left half-supersymmetric.
Z¯ = 0 giants. An SO(4) rotation with θ24 = pi takes Z to Z¯, and corresponds to UL = iσ1 and
UR = iσ1. The 4+4 supersymmetries of the Z¯ = 0 giants are generated by
{QL−−+, QL−−−, QL ++−, QL +++, QR−−+, QR−−−, QR ++−, QR +++}.
The boundary Lie algebra u(1)L ⊕ u(1)R is non-supersymmetric.
The above results for both D1- and D5-brane maximal giant gravitons are summarized in Table 2.1.
The totally supersymmetric, right and left half-supersymmetric and non-supersymmetric boundary
Lie algebras, (psu(1|1)2⊕u(1))2c , u(1)L⊕psu(1|1)2R⊕u(1)R, psu(1|1)2L⊕u(1)L⊕u(1)R and u(1)L⊕u(1)R,
are consistent with reflection matrices that are solutions of the boundary Yang-Baxter (reflection)
equation for the psu(1, 1|2)2 open spin-chain, as described in Chapter 6.
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D1/D5 giant bosonic generators supersymmetry generators boundary algebra
Z = 0 {Ja 0, La 5} {Qa−+±, Qa+−±} [psu(1|1)2 ⊕ u(1)]2c
Y = 0 {Ja 0, La 5} {QL−−±, QL++±, QR−+±, QR+−±} u(1)L ⊕ [psu(1|1)2 ⊕ u(1)]R
Y¯ = 0 {Ja 0, La 5} {QL−+±, QL+−±, QR−−±, QR++±} [psu(1|1)2 ⊕ u(1)]L ⊕ u(1)R
Z¯ = 0 {Ja 0, La 5} {QL−−±, QL++±, QR−−±, QR++±} u(1)L ⊕ u(1)R
Table 2.1: Boundary Lie algebras for D1- and D5-brane maximal giant gravitons on AdS3×S3×T 4.
Part III
d(2, 1;α)2 spin-chains in AdS3 × S3 × S3′ × S1
3 Integrable closed d(2, 1;α)2 spin-chain and scattering matrices
The bosonic isometry group of the AdS3 × S3 × S3′ × S1 supergravity background is
SO(2, 2)× SO(4)× SO(4)′ × U(1),
whose Lie algebra splits into left- and right-movers
so(2, 2) ∼ su(1, 1)L ⊕ su(1, 1)R, so(4) ∼ su(2)L ⊕ su(2)R, so(4)′ ∼ su(2)′L ⊕ su(2)′R.
According to this splitting, the bosonic isometries can be rearranged into
[su(1, 1)⊕ su(2)⊕ su(2)′]L ⊕ [su(1, 1)⊕ su(2)⊕ su(2)′]R ⊕ u(1),
which constitutes the bosonic part of the full superisometry algebra
d(2, 1;α)L ⊕ d(2, 1;α)R ⊕ u(1).
Massive excitations of the worldsheet of a closed IIB superstring propagating on AdS3×S3×S3′×S1
can be identified with the magnon excitations of an alternating double-row d(2, 1;α)2 closed spin-
chain which transform under a centrally extended su(1|1)2c algebra [53]. The left- and right-moving
excitations5 decouple in the weak coupling limit. This chapter contains a review based on [20,22,53]
of this integrable d(2, 1;α)2 closed spin-chain and the S-matrix describing two-magnon scattering.
3.1 d(2, 1;α)2 spin-chain with su(1|1)2 excitations
3.1.1 Single-row d(2, 1;α) closed spin-chain with su(1|1) excitations
Symmetry generators. The d(2, 1;α) superalgebra shown in Appendix B has bosonic generators
J0, Jb ∈ su(1, 1), Lβ,L5 ∈ su(2), Rβ˙,R8 ∈ su(2)′
of su(1, 1)⊕ su(2)⊕ su(2)′, and fermionic generators Qbββ˙ labeled by b, β, β˙ = ± indices.
5These left- and right-movers are not related to the actual left- and right-moving (clockwise and counter-clockwise)
modes of a closed string, but are rather string excitations charged under generators of different copies of d(2, 1;α).
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Sites. Two neighbouring sites, called odd and even, in the alternating single-row d(2, 1;α) spin-
chain are the modules
M (α) ≡M(−α2 , 12 , 0) = spanC{ |φ
(n)
β 〉, |ψ(n)β˙ 〉}, M
′ (1−α) ≡M(−1−α2 , 0, 12) = spanC{ |φ
(n)
β˙
〉, |ψ(n)β 〉}.
States at these sites are vectors transforming under half-BPS representations of d(2, 1;α) described
in Appendix B. The odd and even sites together form the module M = M (α) ⊗M ′ (1−α), which
carries a quarter-BPS representation of d(2, 1;α). The vacuum state is identified with the highest
weight vector
|Z〉 = |φ(0)+ φ′ (0)+ 〉, (3.1)
and the four fundamental excitations |ϕr〉 = { |φ〉, |ψ〉, |φ′〉, |ψ′〉}, with r = 1 . . . 4, are defined by
|φ〉 = |φ(0)− φ′ (0)+ 〉, |ψ〉 = |ψ(0)+ φ′ (0)+ 〉, |φ′〉 = |φ(0)+ φ′ (0)− 〉, |ψ′〉 = |φ(0)+ ψ′ (0)+ 〉. (3.2)
Here { |φ〉, |ψ〉} and { |φ′〉, |ψ′〉} span modules of a closed su(1|1) subalgebra6 with fermionic gener-
ators Q ≡ Q−++ and S ≡ Q+−−, and bosonic Cartan element H = {Q,S} = −J0−αL5−(1−α)R8
the magnon Hamiltonian. These unprimed and primed modules are associated with energies α and
1− α. We note this su(1|1) subalgebra can be extended to a u(1|1) = u(1)n su(1|1) algebra
{Q,S} = H, [X,Q] = −12 Q, [X,S] = 12 S
by the inclusion of X = − 12 L5 − 12 R8, which does not annihilate the ground state.
Spin-chain. The alternating single-row d(2, 1;α) spin-chain with 2J sites can be identified with
the module M⊗J = (M (α) ⊗M ′ (1−α))⊗J . The spin-chain vacuum and fundamental excitations are
|0〉 = |ZJ〉, |ϕr(n)〉 = |Zn−1ϕrZJ−n〉. (3.3)
We construct vectors in momentum space using the standard approach to obtain low-lying single-
magnon excitations
|ϕrp〉 =
J∑
n=1
eipn |ϕr(n)〉. (3.4)
Here { |φp〉, |ψp〉} and { |φ′p〉, |ψ′p〉} are modules of su(1|1) with energies α and 1 − α. The action
of the fermionic generators on the unprimed single-magnon excitations is given by
Q |φp〉 =
√
α |ψp〉, S |φp〉 = 0, Q |ψp〉 = 0, S |ψp〉 =
√
α |φp〉, (3.5)
where also
X |0〉 = −J2 |0〉, X |φp〉 = (−J2 + 12) |φp〉, X |ψp〉 = −J2 |ψp〉,
and similarly for the primed single-magnon excitations with α→ 1− α. Multi-magnon excitations
are obtained using the generalized standard approach
|ϕr1p1ϕr2p2 · · · ϕrkpk〉 =
∑
1≤n1<n2<...<nk≤J
ei(p1x1+p2x2+...+pkxk) |Zn1−1ϕr1(n1)Z
n2−n1−1ϕr2(n2) · · · ϕ
rk
(nk)
ZJ−nk〉
for 2 ≤ k  J . The individual excitations ϕri(ni) are known as impurities or fields in the spin-chain,
and are assumed to be well-separated.
6There are a number of other closed subsectors (see Section 6 in [40]).
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3.1.2 Double-row d(2, 1;α)2 closed spin-chain with su(1|1)2 excitations
The alternating double-row d(2, 1;α)2 spin-chain is made up of left- and right-moving d(2, 1;α)L
and d(2, 1;α)R spin-chains which decouple in the weak coupling limit.
Sites. Odd and even sites of the left and right-moving spin-chains together form the module
ML ⊗MR = M (α)L ⊗M ′ (1−α)L ⊗M (α)R ⊗M ′ (1−α)R . The ground state and fundamental excitations are
|Z〉 =
∣∣∣∣(ZLZR
)〉
, |ϕr〉 =
∣∣∣∣(ϕrLZR
)〉
, |ϕ¯r〉 =
∣∣∣∣(ZLϕrR
)〉
, (3.6)
which transform under the u(1|1)2 algebra
{Qa,Sb} = Ha δab, [Xa,Qb] = − 12 Qa δab, [Xa,Sb] = 12 Sa δab, (3.7)
with a, b ∈ {L, R}. Notice that X = XL−XR now does annihilate the ground state, although XL and
XR individually do not. We define H = HL +HR and M = HL−HR, with H the magnon Hamiltonian.
We do not need to consider excitations for which the left and right-moving excitations ϕrL and ϕ
r
R
coincide, since we focus on well-separated excitations in the J →∞ limit.
Spin-chain. The alternating double-row d(2, 1;α)2 spin-chain can be identified with the module
(ML ⊗MR)⊗J . The ground state is
|0〉 = |ZJ〉 =
∣∣∣∣∣
(
ZL
ZR
)J〉
, (3.8)
and left- and right-moving fundamental excitations are
|ϕr(n)〉 = |Zn−1ϕrZJ−n〉 =
∣∣∣∣∣
(
ZL
ZR
)n−1(
ϕrL
ZR
)(
ZL
ZR
)J−n〉
,
|ϕ¯r(n)〉 = |Zn−1ϕ¯rZJ−n〉 =
∣∣∣∣∣
(
ZL
ZR
)n−1(ZL
ϕrR
)(
ZL
ZR
)J−n〉
, (3.9)
with low-lying left- and right-moving single-magnon excitations
|ϕrp〉 =
J∑
n=1
eipn |ϕr(n)〉, |ϕ¯rp〉 =
J∑
n=1
eipn |ϕ¯r(n)〉. (3.10)
The unprimed and primed left- and right-moving magnon excitations { |φp〉, |ψp〉} and { |φ¯p〉, |ψ¯p〉},
and { |φ′p〉, |ψ′p〉} and { |φ¯′p〉, |ψ¯′p〉} have energies α and 1 − α of the magnon Hamiltonian H. The
left/right-movers have mass eigenvalues ±α and ±(1 − α) of M. The non-trivial action of the
fermionic generators of the su(1|1)2 algebra on these left- and right-moving magnon excitations is
QL |φp〉 =
√
α |ψp〉, SL |ψp〉 =
√
α |φp〉, QR |φ¯p〉 =
√
α |ψ¯p〉, SR |ψ¯p〉 =
√
α |φ¯p〉, (3.11)
with the non-trivial action of the additional u(1) generator of the u(1) n su(1|1)2 algebra, which
annihilates the ground state, given by
X |φp〉 = 12 |φp〉, X |φ¯p〉 = − 12 |φ¯p〉,
and similarly for the primed left- and right-moving magnon excitations with α → 1 − α. The
generalization to multi-magnon states is again straightforward.
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3.2 d(2, 1;α)2 spin-chain with centrally extended su(1|1)2c excitations
We have so far considered only the weak-coupling limit of the d(2, 1;α)2 spin-chain in which the
left- and right-moving excitations decouple. Beyond this regime, interactions must be taken into
account by the introduction of a centrally extended su(1|1)2 algebra which links the two otherwise
independent d(2, 1;α)L and d(2, 1;α)R spin-chains. Let us denote this extended algebra by su(1|1)2c .
The algebra su(1|1)2c is generated by the fermionic generators Qa, Sa, and bosonic generators Ha
and the central elements P, P†, where a ∈ {L, R}, satisfying7
{Qa,Sb} = δab Ha, {QL,QR} = P, {SL,SR} = P†, (3.12)
with the remaining relations being trivial. We may further extend this algebra by the inclusion of
the element X, which annihilates the ground state and has non-trivial commutation relations:
[X,QL] = −12 QL, [X,SL] = 12 SL, [X,QR] = 12 QR, [X,SR] = −12 SR.
A dynamic d(2, 1;α)2 spin-chain with su(1|1)2c–symmetric massive excitations was constructed
in [20] and, subsequently, a non-dynamic d(2, 1;α)2 spin-chain with an additional Hopf algebra
structure was introduced in [21]. We now briefly review these constructions.
3.2.1 Finite spin-chain with length-changing effects
Here we allow the additional bosonic central elements P and P† of the su(1|1)2c algebra to have a
length-changing effect on the spin-chain. Let us introduce some additional notation: Z+ and Z−
denote the insertion or removal of a vacuum state (if possible) at the specific spin-chain site in the
left-moving magnon excitation |ϕrp〉:
|Z±ϕrp〉 =
J∑
n=1
eipn
∣∣Zn−1±1ϕrZJ−n〉 , |ϕrpZ±〉 = J∑
n=1
eipn
∣∣Zn−1ϕrZJ−n±1〉 ,
where we define |Z−1ϕr · · · 〉 ≡ |ϕr · · · 〉 and | · · ·ϕrZ−1〉 ≡ | · · ·ϕr〉 (that is, if there is no vacuum
state before or after the field ϕr to remove, then the state remains unchanged). Imposing periodic
boundary conditions eipJ |ZJϕ〉 = |ϕZJ〉 for a closed spin-chain now gives
|ϕrpZ±〉 = e±ip |Z±ϕrp〉, (3.13)
and similarly for right-moving magnon excitations. For two left-moving magnons, we define
|Z±ϕrpϕsq〉 =
∑
1≤n<m≤J
ei(pn+qm)
∣∣Zn−1±1ϕrZm−n−1ϕsZJ−m〉 ,
|ϕrpZ±ϕsq〉 =
∑
1≤n<m≤J
ei(pn+qm)
∣∣Zn−1ϕrZm−n−1±1ϕsZJ−m〉 ,
and hence, using the periodic boundary conditions,
|ϕrpZ±ϕsq〉 = e±ip |Z±ϕrpϕsq〉, (3.14)
and similarly for two right-moving magnons, or for left- and right-moving magnon excitations.
7Setting e1 = QL, e2 = SR, f1 = SL, f2 = QR, h1 = HL, h2 = HR, k1 = P, k2 = P
†, the anti-commutation relations
(3.12) can be written in a more compact form as follows: {ei, fj} = δij hi + (1− δij) ki (see Section 2 in [51]).
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Single-magnon excitations. The action of the fermionic generators of the su(1|1)2c algebra on
the left and right-moving magnon excitations was proposed in [20]. Here we will consider a slightly
different action,8 with the insertion or removal of Z from the left side:
QL |φp〉 = ap |ψp〉, SL |ψp〉 = bp |φp〉, QR |ψp〉 = cp |Z+φp〉, SR |φp〉 = dp |Z−ψp〉,
QR |φ¯p〉 = a¯p |ψ¯p〉, SR |ψ¯p〉 = b¯p |φ¯p〉, QL |ψ¯p〉 = c¯p |Z+φ¯p〉, SL |φ¯p〉 = d¯p |Z−ψ¯p〉, (3.15)
with the unbarred and barred parameters for left and right-movers. The action of the central
elements is deduced from the algebra (3.12). The energy eigenvalues of H = HL +HR for a left- and
right-moving magnon excitation, respectively, are
Ep = apbp + cpdp and E¯p = a¯pb¯p + c¯pd¯p,
while the eigenvalues of M = HL − HR, related to the masses of the magnon excitations, are
m = apbp − cpdp and − m¯ = −(a¯pb¯p − c¯pd¯p),
taken to be independent of the momentum p (but dependent on the unprimed or primed flavour).
Here m = m¯ = α and m′ = m¯′ = 1 − α. Now, for one physical left-moving magnon excitation,
we require the eigenvalues P and P† to vanish to return to a representation of the non-extended
su(1|1)2 symmetry preserved by the vacuum. This leads to the conditions apcp = bpdp = 0 and
a¯pc¯p = b¯pd¯p = 0 with solution cp = dp = c¯p = d¯p = 0 resulting again in decoupled spin-chains.
Two-magnon excitations. Let us now consider two left-moving magnon excitations |ϕrpϕsq〉 of
momenta p and q. The non-trivial action of the fermionic generators of the su(1|1)2c algebra is
Qa |φpφq〉 = δaLap |ψpφq〉+ δaLaq |φpψq〉, Qa |φpψq〉 = δaLap |ψpφq〉+ δaReipcq |Z+φpφq〉,
Qa |ψpφq〉 = δaRcp |Z+φpφq〉 − δaLaq |ψpψq〉, Qa |ψpψq〉 = δaRcp |Z+φpψq〉 − δaReipcq |Z+ψpφq〉,
Sa |φpφq〉 = δaRdp |Z−ψpφq〉+ δaRe−ipdq |Z−φpψq〉, Sa |φpψq〉 = δaRdp |Z−ψpφq〉+ δaLbq |φpφq〉,
Sa |ψpφq〉 = δaLbp |φpφq〉 − δaRe−ipdq |Z−ψpψq〉, Sa |ψpψq〉 = δaLbp |φpψq〉 − δaLbq |ψpφq〉, (3.16)
and similarly for primed left-moving magnon excitations. The action on two right-moving magnon
excitations |ϕ¯rpϕ¯sq〉, or a left- and a right-mover, |ϕrpϕ¯sq〉 or |ϕ¯rpϕsq〉, is obtained by interchanging
L↔ R indices and using barred notation for the action on the right-movers. The energy eigenvalue
of the magnon Hamiltonian H is Ep + Eq. Now P and P
† must annihilate physical two-magnon
states, which implies
apcp + e
ip aqcq = h (1− ei(p+q)) = 0, bpdp + e−ip bqdq = h (1− e−i(p+q)) = 0,
and hence ei(p+q) = 1, with our choice of parameters
ap =
√
h ηp, bp =
√
h ηp, cp = −
√
h
iηp
x−p
, dp =
√
h
iηp
x+p
, with η2p = i (x
−
p −x+p ). (3.17)
Exactly the same choice of barred parameters a¯p, b¯p, c¯p and d¯p must apply for the right-moving
magnon representation. Here x±p are the Zhukovski variables which satisfy
x+p
x−p
= eip,
(
x+p +
1
x+p
)
−
(
x−p +
1
x−p
)
=
im
h
. (3.18)
The energy of a single-magnon excitation of momentum p and mass m is given by
Ep =
√
m2 + 16h2 sin2 p2 . (3.19)
8This action is equivalent to that of [20] with a rescaling cp → e−ipcp and dp → eipdp for the left-moving excitations,
and a similar rescaling of c¯p → e−ipc¯p and d¯p → eipd¯p for the right-moving excitations, as can be seen from (3.13),
and will be convenient when we subsequently consider a semi-infinite open spin-chain with a boundary on the right.
18
3.2.2 Infinite spin-chain with Hopf algebra structure
In the J → ∞ infinite spin-chain limit, we can drop the Z± symbols on the left, and thus obtain
one- and two-magnon representations of the su(1|1)2c algebra. The length-changing effects can be
encoded in a U-braided Hopf algebra structure for the su(1|1)2c algebra, similar to that of Appendix
B in [21].
Single-magnon representations. We want to rewrite the action (3.15) in terms of matrix
representations of the su(1|1)2c algebra. Let us introduce vector spaces
Vp = spanC{ |φp〉, |ψp〉}, V ′p = spanC{ |φ′p〉, |ψ′p〉},
for the left-moving magnons, and
V¯p = spanC{ |φ¯p〉, |ψ¯p〉}, V¯ ′p = spanC{ |φ¯′p〉, |ψ¯′p〉},
for the right-moving magnons. We can identify these vector spaces with C1|1 in the natural way.
Now the action (3.15) can be defined in terms of the usual supermatrices Eij ∈ End(C1|1) which
span the Z2-graded gl(1|1) Lie superalgebra,9 and the identity matrix is I = E11 + E22. The
left-moving representation pip : su(1|1)2c → End(C1|1) is
pip(QL) = ap E21, pip(QR) = cp E12, pip(SL) = bp E12, pip(SR) = dp E21,
pip(HL) = apbp I, pip(HR) = cpdp I, pip(P) = apcp I, pip(P†) = bpdp I, (3.20)
with the parameters (3.17). The right-moving representation p¯ip : su(1|1)2c → End(C1|1) is
p¯ip(QR) = ap E2¯1¯, p¯ip(QL) = cp E1¯2¯, p¯ip(SR) = bp E1¯2¯, p¯ip(SL) = dp E2¯1¯,
p¯ip(HR) = apbp I, p¯ip(HL) = cpdp I, p¯ip(P) = apcp I, p¯ip(P†) = bpdp I, (3.21)
obtained by interchanging L ↔ R indices; we have also replaced the indices 1 → 1¯ and 2 → 2¯ to
distinguish left and right vector spaces. The primed representations are similarly defined. We will
not add subscripts to distinguish the identity matrices; we hope it will always be clear from the
context in which space the identity matrix lives.
9The supermatrices Eij ∈ End(C1|1) have matrix elements (Eij)ab = δiaδjb, with E11 and E22 even elements of
degree 0, and E12 and E21 odd elements of degree 1. These supermatrices satisfy
JEij ,EklK = δjk Eil − (−1)deg Eij deg Ekl δil Ekj .
with J·, ·K the supercommutator. The multiplication of the tensor product of supermatrices is
(X ⊗ Y )(Z ⊗W ) = (−1)degZ deg YXZ ⊗ YW deg(X ⊗ Y ) = degX + deg Y
for any X,Y, Z,W ∈ gl(1|1) and, in particular,
(Eij ⊗ Ekl)(Epr ⊗ Est) = (−1)deg Ekl deg Epr δjp δls Eir ⊗ Ekt.
The graded permutation operator P ∈ End(C1|1 ⊗C1|1) is
P =
∑
i,j
(−1)(j−1) Eij ⊗ Eji = E11 ⊗ E11 − E12 ⊗ E21 + E21 ⊗ E12 − E22 ⊗ E22.
The generalization to supermatrices in End(C2|2) is straightforward.
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Hopf algebra. We introduce an additional group-like generator U, which is central with respect
to the su(1|1)2c algebra. The action on any single-magnon excitation is
U |ϕrp〉 = ei
p
2 |ϕrp〉, U |ϕ¯rp〉 = ei
p
2 |ϕ¯rp〉, (3.22)
so that
pip(U) = − cpd−1p I = ei
p
2 I, p¯ip(U) = − c¯pd¯−1p I = ei
p
2 I, (3.23)
for our left- and right-moving single-magnon representations. We are now ready to define a Hopf
algebra structure on su(1|1)2c . We denote this Hopf superalgebra by A throughout Part III so that
L(A) = su(1|1)2c
is the associated Lie superalgebra.
Let 1 denote the unit of A. The coproduct ∆L corresponding to the action on the left-moving
magnon excitations in this spin-chain frame is given by
∆L(Qa) = Qa ⊗ 1 + U2δaR ⊗Qa, ∆L(P) = P⊗ 1 + U2 ⊗P,
∆L(Sa) = Sa ⊗ 1 + U−2δaR⊗Sa, ∆L(P†) = P† ⊗ 1 + U−2 ⊗P†,
∆L(Ha) = Ha ⊗ 1 + 1⊗ Ha, ∆L(U±1) = U±1 ⊗ U±1,
and the coproduct ∆R giving the action on the right-moving magnon excitations is obtained by
interchanging indices L ↔ R. In the representation pip ⊗ piq, this yields (3.16) in the infinite spin-
chain limit. It is convenient to switch to a symmetric frame,10 similar to that of [21], in which the
coproduct ∆ is the same for both left- and right-moving sectors11:
∆(Qa) = Qa ⊗ 1 + U⊗Qa, ∆(P) = P⊗ 1 + U2 ⊗P,
∆(Sa) = Sa ⊗ 1 + U−1⊗Sa, ∆(P†) = P† ⊗ 1 + U−2 ⊗P†,
∆(Ha) = Ha ⊗ 1 + 1⊗ Ha, ∆(U±1) = U±1 ⊗ U±1. (3.24)
The central elements of the superalgebra C ∈ {Ha,P,P†}must be co-commutative, ∆(C) = ∆op(C),
where ∆op(a) = P∆(a) for a ∈ A, with P the graded permutation operator which permutes the
elements of the superalgebra in the coproduct. This is true if 12
P = ν1 (1− U2) and P† = ν2 (1− U−2), with ν1, ν2 ∈ C\{0}, (3.25)
where we choose ν1 = ν2 = h to obtain our previous unitary representation.
Let µ : A ⊗ A → A be the usual associative multiplication of elements of the superalgebra A.
Moreover, let ı : C→ A be the unit, which maps ı(1) = 1, and  : A → C the counit, defined by
(U±1) = 1 and (J) = 0 (3.26)
10In the representation pip⊗piq, we twist the left- and right co-products ∆L → T−1L ∆L TL and ∆R → T−1R ∆R TR using
the twist matrices
TL = ei
p
2 I⊗ E11 + I⊗ E22 TR = ei
p
2 I⊗ E1¯1¯ + I⊗ E2¯2¯.
11This coproduct exhibits a Z-grading (see Remark 2.1 in [51]).
12To be precise, we extend su(1|1)2c by U and its inverse U−1, and then consider the Hopf algebra over the quotient
of the enveloping algebra of this double-extended algebra by the ideal 〈P− ν1 (1− U2), P† − ν2 (1− U−2) 〉.
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for all J ∈ su(1|1)2c . The antipode S : A → A must then satisfy µ(S ⊗ id) ∆ = ı , which gives
S (Qa) = −U−1 Qa, S (Sa) = −USa, S (Ha) = −Ha,
S (P) = −U−2 P, S (P†) = −U2 P†, S (U) = U−1. (3.27)
This antipode relates left and right-movers in the representations pip and pip¯:
pip(S (a)) = (pip¯(a¯))
str, (3.28)
with the charge conjugation matrix trivial. Here a ∈ A, with a¯ ∈ A defined by
Q¯a = δaL QR + δaR QL, P¯ = P, H¯a = δaL HR + δaR HL,
S¯a = δaL SR + δaR SL, P¯
† = P†, U¯±1 = U±1. (3.29)
The representation pip¯ has Zhukovski variables
x±p¯ =
1
x±p
. (3.30)
3.3 Two-magnon scattering and R-matrices
We are interested in the scattering of magnon excitations. Let H(in) denote the space of all asymp-
totic incoming states and let H(out) be the space of all asymptotic outgoing states. We consider the
limit in which the spin-chain is infinitely long and the number of excitations n is much smaller than
the number of spin-chain sites L. This allows us to treat the asymptotic states as well separated and
non-interacting. Integrability implies that any scattering process factorizes into two-magnon scat-
tering events, in which the only dynamical process allowed is the interchange of magnon momenta
and flavours. We need thus only consider such scattering of two-magnon asymptotic states.
The two-magnon scattering matrix S(p, q) is a map from H(in) to H(out) which takes an incoming
two-magnon state to an outgoing two-magnon state:
S(p, q) : H(in) → H(out), |Φ1(in)p Φ2(in)q 〉 7→ |Φ2(out)q Φ1(out)p 〉,
where these asymptotic states can be represented by
|Φ1(in)p Φ2(in)q 〉 ≡ |Φ1p〉 ⊗ |Φ2q〉, |Φ2(out)q Φ1(out)p 〉 ≡ |Φ2q〉 ⊗ |Φ1p〉.
We shall consider integrable two-magnon scattering on the d(2, 1;α)2 double-row spin-chain. Hence
the magnons |Φp〉 are vectors in one of the spaces
Wp = Vp ⊕ V¯p = spanC{ |φp〉, |ψp〉, |φ¯p〉, |ψ¯p〉}, W ′p = V ′p ⊕ V¯ ′p = spanC{ |φ′p〉, |ψ′p〉, |φ¯′p〉, |ψ¯′p〉},
both isomorphic to C2|2. The scattering matrix then acts as
S(p, q) : Wp ⊗Wq →Wq ⊗Wp, with Wp ∈ {Wp,W ′p},
and also Vp ∈ {Vp, V ′p} and V¯p ∈ {V¯p, V¯ ′p}. This simplifying notation takes into account both primed
and unprimed magnon states. The Zhukovski variables x±p and x±q satisfy
x+p
x−p
= eip ≡ u2p,
x+q
x−q
= eiq ≡ u2q , (3.31)
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and the mass-shell constraints(
x+p +
1
x+p
)
−
(
x−p +
1
x−p
)
=
imp
h
,
(
x+q +
1
x+q
)
−
(
x−q +
1
x−q
)
=
imq
h
, (3.32)
where mp,mq ∈ {m = α, m′ = 1− α} are the masses of the two magnons with momenta p and q.
The scattering matrix can be written as
S(p, q) = P R(p, q), with R(p, q) ∈ End(Wp ⊗Wq), (3.33)
in terms of the graded permutation operator P . Therefore S(p, q) = PR(p, q) with the R-matrix
R(p, q) ∈ End(C2|2⊗C2|2). The S-matrix commutes with all the symmetries of magnon excitations:
[S(p, q), ((pip ⊕ p¯ip)⊗ (piq ⊕ p¯iq))(∆(a)) ] = 0, for all a ∈ A,
which implies the intertwining equations on the R-matrix:
((pip ⊕ p¯ip)⊗ (piq ⊕ p¯iq))(∆op(a))R(p, q) = R(p, q) ((pip ⊕ p¯ip)⊗ (piq ⊕ p¯iq))(∆(a)), for all a ∈ A.
(3.34)
We change pip and piq to representations pi
′
p and pi
′
q for primed magnon excitations. The S-matrix
is unitary, S(q, p)S(p, q) = I, which implies (R(q, p))opR(p, q) = I with (R(p, q))op = PR(p, q)P.
3.3.1 Complete and partial R-matrices
We now describe the structure of the R-matrix R(p, q). Recall that the 4-dimensional vector space
Wp = Vp⊕ V¯p is a direct sum of two 2-dimensional vector spaces Vp, V¯p ∼= C1|1, so that Wp ∼= C2|2.
ThusWp⊗Wq can be split into four 4-dimensional subspaces, and consequently R(p, q) is a 16×16
matrix that can be decomposed into 16 sectors. However, conservation of chirality (the total number
of left- and right-moving magnon states) and mass impose additional constraints [20]. Focusing on
the case of pure transmission (rather than pure reflection) for the scattering of left and right states,
the complete R-matrix decomposes into a direct sum of four partial R-matrices:
R(p, q) = RLL(p, q)⊕ RLR(p, q)⊕ RRL(p, q)⊕ RRR(p, q), (3.35)
where Rab(p, q) ∈ End(C1|1 ⊗C1|1). These four partial R-matrices depend on Zhukovski variables
satisfying mass-shell constraints which may depend on either primed or unprimed masses.
The partial R-matrices satisfy intertwining equations which are the result of the corresponding
partial S-matrices commuting with the generators of the Hopf superalgebra A. These R-matrices
also satisfy unitarity and crossing symmetry conditions, and a discrete LR symmetry condition made
manifest by our choice of a symmetric Hopf algebra. These conditions determine the complete R-
matrix up to overall factors (dependent on dressing phases) and imply the Yang-Baxter equation.
Left-left and right-right sectors. We write the partial R-matrices in the LL and RR sectors as
RLL(p, q) =
∑
i,j,k,l=1,2
(R LL(p, q)) i kj l Eij ⊗ Ekl, RRR(p, q) =
∑
i,j,k,l=1¯,2¯
(R RR(p, q)) i kj l Eij ⊗ Ekl,
which depend on the momenta p and q, and on the masses mp and mq of the two magnons. The
intertwining equations in the LL and RR sectors are
(pip ⊗ piq)(∆op(a)) RLL(p, q) = RLL(p, q) (pip ⊗ piq)(∆(a)),
(p¯ip ⊗ p¯iq)(∆op(a)) RRR(p, q) = RRR(p, q) (p¯ip ⊗ p¯iq)(∆(a)),
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for all a ∈ A. Notice that (pip ⊗ piq)(∆op(a)) = P (pip ⊗ piq)(∆(a))P. These intertwining equations
are linear equations which are relatively easy to solve. They determine RLL(p, q) and RRR(p, q), each
up to one complex factor13 which we call sLL(p, q) and sRR(p, q):
R LL(p, q) = sLL(p, q)
[
E11 ⊗ E11 +
(x+p − x+q )
up(x
−
p − x+q )
E11 ⊗ E22 +
uq(x
−
p − x−q )
(x−p − x+q )
E22 ⊗ E11 (3.36)
+
uq(x
+
p − x−q )
up(x
−
p − x+q )
E22 ⊗ E22 + i ηpηq
(x−p − x+q )
E12 ⊗ E21 − i uq ηpηq
up(x
−
p − x+q )
E21 ⊗ E12
]
,
R RR(p, q) = sRR(p, q)
[
E1¯1¯ ⊗ E1¯1¯ +
(x+p − x+q )
up(x
−
p − x+q )
E1¯1¯ ⊗ E2¯2¯ +
uq(x
−
p − x−q )
(x−p − x+q )
E2¯2¯ ⊗ E1¯1¯ (3.37)
+
uq(x
+
p − x−q )
up(x
−
p − x+q )
E2¯2¯ ⊗ E2¯2¯ +
i ηpηq
(x−p − x+q )
E1¯2¯ ⊗ E2¯1¯ −
i uq ηpηq
up(x
−
p − x+q )
E2¯1¯ ⊗ E1¯2¯
]
.
The unitarity conditions on the R-matrices take the form
(RLL(q, p))opRLL(p, q) = I, (RRR(q, p))opRRR(p, q) = I, with (Rab(p, q))op = PRab(p, q)P,
which imply sLL(p, q) sLL(q, p) = 1 and sRR(p, q) sRR(q, p) = 1.
Left-right and right-left sectors. We write the partial R-matrices in the LR and RL sectors as
RLR(p, q) =
∑
i,j=1,2;
k,l=1¯,2¯
(R LR(p, q)) i kj l Eij ⊗ Ekl, RRL(p, q) =
∑
i,j=1¯,2¯;
k,l=1,2
(R RL(p, q)) i kj l Eij ⊗ Ekl.
The intertwining equations are given by
(pip ⊗ p¯iq)(∆op(a)) R LR(p, q) = R LR(p, q) (pip ⊗ p¯iq))(∆(a)),
(p¯ip ⊗ piq)(∆op(a)) R RL(p, q) = R RL(p, q) (p¯ip ⊗ piq))(∆(a)),
for all a ∈ A, which determine the transmission R-matrices in the LR and RL sectors as
RLR(p, q) = sLR(p, q)
[
(x+p x
+
q − 1)(x−p x−q − 1)
]− 1
2 (3.38)
×
[
(x+p x
−
q − 1) E11 ⊗ E1¯1¯ + up (x−p x−q − 1) E11 ⊗ E2¯2¯ + u−1q (x+p x+q − 1) E22 ⊗ E1¯1¯
+ upu
−1
q (x
−
p x
+
q − 1) E22 ⊗ E2¯2¯ + up ηpηq E12 ⊗ E1¯2¯ + ηpηq u−1q E21 ⊗ E2¯1¯
]
,
RRL(p, q) = sRL(p, q)
[
(x+p x
+
q − 1)(x−p x−q − 1)
]− 1
2 (3.39)
×
[
(x+p x
−
q − 1) E1¯1¯ ⊗ E11 + up (x−p x−q − 1) E1¯1¯ ⊗ E22 + u−1q (x+p x+q − 1) E2¯2¯ ⊗ E11
+ upu
−1
q (x
−
p x
+
q − 1) E2¯2¯ ⊗ E22 + up ηpηq E1¯2¯ ⊗ E12 + ηpηq u−1q E2¯1¯ ⊗ E21
]
,
up to the overall factors sLR(p, q) and sRL(p, q). The unitarity conditions are
(RLR(q, p))opRRL(p, q) = I, (RRL(q, p))opRLR(p, q) = I,
13This happens because the tensor product of two atypical, 2-dimensional, irreducible representations is isomorphic
to the typical, 4-dimensional, irreducible representation of A (see, for example, Section 2.3 in [51]).
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which imply sLR(p, q) sRL(q, p) = 1 and sRL(p, q) sLR(q, p) = 1.
We require the parity relation sba(−q,−p) = sab(p, q) for the scale factors in the R-matrix, and
also impose a discrete LR symmetry sLL(p, q) = sRR(p, q) and sLR(p, q) = sRL(p, q) as in [20]. These
conditions will be necessary to derive reflection matrix solutions of the boundary Yang-Baxter
equation in Chapter 4. We note, finally, that additional bulk crossing symmetry conditions must
be imposed which further constrain the scale factors sab(p, q). A proposal for the solution to these
crossing symmetry conditions has been advanced in [38].
3.3.2 Yang-Baxter equation.
The complete R-matrix R(p, q) must satisfy
R12(p, q) R13(p, r) R23(q, r) = R23(q, r) R13(p, r) R12(p, q), (3.40)
which is the Yang-Baxter equation of an integrable system. The partial R-matrices then satisfy
Rab12(p, q) Rac13(p, r) Rbc23(q, r) = Rbc23(q, r) Rac13(p, r) Rac12(p, q) (3.41)
for all a, b, c ∈ {L, R} (see Figure 4). Here we define
Rab12(p, q) = Rab(p, q)⊗ I, Rab23(p, q) = I⊗ Rab(p, q), Rab13(p, q) = (I⊗ P)(Rab(p, q)⊗ I)(I⊗ P),
and similarly for R12(p, q), R13(p, q) and R23(p, q) in terms of the complete R-matrices, with a
change to the identity matrix in End(C2|2) and the graded permutation matrix in End(C2|2⊗C2|2).
=
Figure 4: Three-magnon scattering factorizes into a succession of two-magnon scattering events.
The double red and blue line indicates the direct sum of left and right magnons states with scattering
described by the complete R-matrix. The scattering of individual red or blue lines (left or right
magnons) is described by partial R-matrices. This diagram gives both the Yang-Baxter equation
for the complete R-matrix (treating double lines as a single composite line) and the Yang-Baxter
equation for the partial R-matrices (choosing a red or blue line from each pair to give 8 possibilities).
We can check that the R-matrices above satisfy (3.41) for (abc) in the homogeneous (LLL, RRR) and
mixed (LLR, LRL, RLL, LRR, RLR, RRL) sectors. Note that the discrete LR symmetry means we need
only check half of these equations. This ensures that the complete R-matrix satisfies (3.40).
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4 Integrable open d(2, 1;α)2 spin-chain and reflection matrices
In this chapter we consider the boundary scattering of magnon excitations of a d(2, 1;α)2 open spin-
chain off an integrable boundary. These correspond to massive excitations of an open superstring
ending on a D-brane in AdS3 × S3 × S3′ × S1, such as one of the maximal D1- or D5-brane giant
gravitons described in Chapter 1.
4.1 Open spin-chains and boundary scattering
4.1.1 Double-row d(2, 1;α)2 open spin-chain with su(1|1)2c excitations
Semi-infinite open spin-chain. In the infinite J →∞ spin-chain limit we can consider one end
of the spin-chain at a time – we choose the right end of the open spin-chain. Thus we obtain a
semi-infinite spin-chain with a distinguished site at the right end which we call the boundary site.
The vector occupying this site transforms in a representation of a boundary subalgebra, dictated
by boundary conditions. The ground state of the semi-infinite open spin-chain is
|0〉 = |ZJFB〉, (4.1)
where FB is the right boundary field. This infinitely heavy state represents the whole D-brane to
which the open superstring is attached (to account for conservation of momentum).14
We will enumerate the sites of the semi-infinite open spin-chain by −J,−J + 1, . . . ,−1, 0, with 0
denoting the boundary field site. In this notation the fundamental excitations are described by the
spin-chain state vectors∣∣ϕr(n)〉B = |ZJ−nϕrZn−1FB〉, ∣∣ϕ¯r(n)〉B = |Zn−1ϕ¯rZJ−nFB〉, (4.2)
where ϕr, ϕ¯r represent the excitations discussed in Section 3.1.2. The low-lying left- and right-
moving single-magnon excitations are now given by
∣∣ϕrp〉B = J∑
n=1
e−ipn
∣∣ϕr(n)〉B, ∣∣ϕ¯rp〉B = J∑
n=1
e−ipn
∣∣ϕ¯r(n)〉B. (4.3)
The supercharges acting on these states insert or remove a Z field from the left side. In the J →∞
limit, in which the state has infinite length in the left direction, this does not change the length of
the spin-chain or the location of the excitation. We can identify magnon states of the semi-infinite
open spin-chain with magnon states of the infinite closed spin-chain, with an extra boundary state,∣∣ϕrp〉B = |ϕrp〉 ⊗ |0〉B, ∣∣ϕ¯rp〉B = |ϕ¯rp〉 ⊗ |0〉B, (4.4)
where |ϕrp〉 and |ϕ¯rp〉 are bulk magnon excitations in the vector spaces Vp and V¯p, with the action
of the Hopf superalgebra A defined in the usual way. The boundary field FB is represented by the
boundary vacuum state |0〉B. The generalization for the multi-magnon states is straightforward.
14A similar construction is presented in Section 2.2 of [8], in which open superstrings on the AdS5×S5 background
are attached to Y = 0 and Z = 0 maximal giant gravitons. In the dual CFT4 description, an open superstring
corresponds to a gauge invariant local operator Tr(Z . . . Z), with impurities, attached to a det(Y ) or det(Z) operator
dual to a maximal D3-brane giant graviton. The full determinant plays the role of the boundary field FB. Here the
CFT2 dual of IIB superstring theory on AdS3×S3×S3′×S1 is not known, although it is conjectured to arise as the
IR limit of the D1-D5-D5′ worldvolume gauge theory of [17]. We expect, however, that an open superstring attached
to our maximal D1 and D5-brane giant gravitons will be dual to similar determinant-like CFT2 operators.
25
Boundary algebra. The symmetries of the boundary site are related to those symmetries of the
D-brane which survive the choice of vacuum Z. These boundary symmetries are generated by a
subalgebra of the bulk symmetry algebra, which in our case is Hopf superalgebra A. We will denote
the boundary symmetry algebra by B with elements b ∈ B.
Since B ⊂ A, the elements b inherit all the additional algebraic structures (coproduct, counit, etc.)
defined on A. However, B is not a Hopf subalgebra of A. The integrability assumption requires
boundary algebra to be a coideal subalgebra of the bulk symmetry algebra:
∆(b) ∈ A⊗ B for all b ∈ B. (4.5)
The boundary vacuum state |0〉B is taken to be a vector in the trivial representation of the coideal
subalgebra B, defined by the counit map . We call this the singlet boundary. We will later extend
this construction to accommodate a vector representation of B – called the vector boundary.
Boundary integrability. It is known that integrability is preserved if the bulk and boundary Lie
algebras form a symmetric pair (see [5] and references therein for a review of boundary integrability).
Recall that a symmetric pair of Lie algebras is a pair (g, h) such that g = h ⊕ m, where h is a
subalgebra of g and the following relations hold:
[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h. (4.6)
The statement above is true if g is a simple complex Lie algebra. Integrability is then ensured by the
existence of a twisted Yangian associated with the symmetric pair (g, h), the Cartan subalgebra of
which is an infinite-dimensional abelian algebra. By a quantum extension of the classical Liouville
integrability theorem, this is enough to ensure that the system is integrable.15 The question of
boundary integrability becomes much more complicated if g is non-simple, since both the Yangian
and twisted Yangian (for a given symmetric pair) are not well-defined. Integrability then needs to
be examined on a case-by-case basis. Likewise, the integrable structures associated with symmetric
pairs of Lie superalgebras often require further investigation. An alternative way of verifying the
integrability of boundary scattering is by finding the reflection K-matrix which is a solution of the
reflection equation and intertwines the boundary symmetries.
4.1.2 Boundary scattering and K-matrices
Outgoing single magnon representations pi−p and p¯i−p. Let us take the states (4.3) to be
incoming magnons with momentum p. To define the boundary scattering theory, we need a notion
of outgoing states with opposite momentum −p. We will denote the corresponding vector spaces by
V−p and V¯−p. The left- and right-moving outgoing magnon representations pi−p : A → End(C1|1)
and p¯i−p : A → End(C1|1) are parametrized by the labels a−p, b−p, c−p and d−p, with Zhukovski
variables x±−p. Recall that x±p satisfy (3.18): the first equality implies x
±
−p = −fpx∓p , for some phase
factor fp, while the second equality sets fp = 1. Thus we obtain
x±−p = −x∓p , η−p = ηp. (4.7)
The outgoing left-moving representation pi−p is (3.20) with the parameters (3.17) replaced by
a−p =
√
h ηp, b−p =
√
h ηp, c−p =
√
h
iηp
x+p
, d−p = −
√
h
iηp
x−p
, u2−p =
x−p
x+p
. (4.8)
The outgoing right-moving representation p¯i−p is given by (3.21) with an identical replacement.
15There is no analogue of the Liouville-Arnold theorem for infinite-dimensional quantum systems; thus we consider
integrability as the set of constraints that are necessary to ensure factorized scattering.
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Singlet boundary scattering. Boundary scattering on the semi-infinite open spin-chain is de-
scribed by a boundary scattering matrix Sboundary(p) which maps incoming states to outgoing
states, while keeping the boundary fixed. As for bulk scattering, we denote the space of all asymp-
totic incoming magnon states of the open spin-chain by H(in), and the space of all outgoing states
by H(out). By the integrability hypothesis, we need only consider the reflection of single magnons
off the boundary. The boundary scattering matrix maps H(in) to H(out):
Sboundary(p) : H(in) → H(out), |Φ(in)p 〉 7→ |Φ(out)−p 〉.
We can write the incoming and outgoing states as
|Φ(in)p 〉 = |Φp〉 ⊗ |0〉B, |Φ(out)−p 〉 = |Φ−p〉 ⊗ |0〉B,
where |Φp〉 ∈ Wp and |Φ−p〉 ∈ W−p are bulk magnons, and |0〉B is the singlet boundary state.
For our purposes it will be convenient to introduce the boundary intertwining K-matrix. Let κ
denote the natural reflection map which acts as the identity map on |0〉B and
κ : Wp →W−p, |Φp〉 7→ |Φ−p〉,
which is the canonical isomorphism Wp ∼= W−p. The boundary scattering matrix Sboundary(p) is
the composition16
Sboundary(p) = κ K(p), with K(p) ∈ End(Wp). (4.9)
Now Wp ∼= C2|2, so the K-matrix corresponds to K(p) ∈ End(C2|2). The boundary S-matrix must
commute with all the boundary symmetries, which yields the boundary intertwining equations for
the K-matrix. There is also a unitary condition on the boundary S-matrix.
Vector boundary scattering. Let us consider a vector representation of the boundary algebra.
A boundary vector state is anticipated to have an interpretation as a magnon state17 |ΦB〉 ∈ WB,
with maximum total momentum pi, absorbed by a singlet boundary state |0〉B. The boundary Lie
algebra associated with the coideal subalgebra, in this case denoted BT ⊂ A, is thus the totally
supersymmetric su(1|1)2c symmetry of bulk magnon excitations.
In the case of this vector boundary state, the incoming and outgoing states in H(in) and H(out) have
the following tensor product decomposition:
|Φ(in)p 〉 = |Φp〉 ⊗ |ΦB〉 ⊗ |0〉B, |Φ(out)−p 〉 = |Φ−p〉 ⊗ |ΦB〉 ⊗ |0〉B,
where |ΦB〉 ∈ WB is a vector in the boundary space. We will now denote the boundary scattering
matrix by Sboundary(p, B). As before, we write this as a composition of the reflection map κ, which
now acts as the identity map on the boundary vector state, and a reflection K-matrix:
Sboundary(p, B) = κ K(p, B), with K(p, B) ∈ End(Wp ⊗WB). (4.10)
Now Wp,WB ∼= C2|2, so the K-matrix K(p, B) corresponds to K(p, B) ∈ End(C2|2 ⊗C2|2).
We will discuss singlet boundaries in Section 4.2 and the vector boundary in Section 4.3. Note that
only a vector representation (not a singlet representation) of the boundary algebra BT is possible
due to the inclusion of the central elements P and P†. We will explain this argument in detail in
subsequent sections.
16This composition is well-defined, since |0〉B is a state in a one-dimensional vector space (∼= C) andWp⊗C ∼=Wp.
17A boundary state is created when the boundary absorbs magnon excitations via the so-called boundary bootstrap
procedure (see, for example, Section 3 in [68]). Boundary states for open superstrings in AdS5 × S5 were considered
in [52,58,69]. We will give a detailed description of similar boundary states for open superstrings in AdS3×S3×S3′×S1
in a forthcoming publication.
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4.2 Singlet boundaries
Boundary algebras. There are four boundary subalgebras B of the bulk Hopf superalgebra A
which describe the scattering of magnons off singlet boundaries. The associated Lie algebras L(B)
can be compared with the boundary algebras in Tables 1.1 and 1.2. We will denote them as follows:
∗ left & right half-supersymmetric boundary algebras BL, BR, corresponding to D-branes
preserving half of the bulk supersymmetries, and the magnon Hamiltonian H and M, implying
chiral boundary scattering. The boundary Lie algebras are su(1|1)L⊕u(1)R and u(1)L⊕su(1|1)R.
∗ non-supersymmetric chiral boundary algebra BNC, corresponding to D-branes which do
not respect any bulk supersymmetries, but preserve both H and M. The boundary Lie algebra
is u(1)L ⊕ u(1)R. We will show that scattering off the non-supersymmetric chiral boundary
has a hidden symmetry, denoted BD, at the level of the Hopf superalgebra.
∗ non-supersymmetric achiral boundary algebra BNA, corresponding to D-branes which
preserve H and no bulk supersymmetries. The associated boundary Lie algebra is u(1)+.
Boundary intertwining equations. The K-matrix K(p) ∈ End(C2|2) is the boundary analogue
of the bulk R-matrix and is required to satisfy the boundary intertwining equations
((pi−p ⊕ p¯i−p)⊗ )(∆(b)) K(p) = K(p) ((pip ⊕ p¯ip)⊗ )(∆(b)) (4.11)
for all b ∈ B for a given boundary subalgebra B. For those b ∈ su(1|1)2c , this simplifies to the form
(pi−p ⊕ p¯i−p)(b) K(p) = K(p) (pip ⊕ p¯ip)(b), (4.12)
where we have dropped the trivial boundary representation , since (b) = 0.
The complete K-matrix K(p) can have four sectors which correspond to chiral reflections (left-to-left
KL(p) and right-to-right KR(p)) and achiral reflections (left-to-right AL(p) and right-to-left AR(p)).
We denote these partial K-matrices by Ka(p), Aa(p) ∈ End(C1|1). Here the superscript a denotes
the chirality of the incoming magnon before the reflection. The complete K-matrix is then
K(p) =
(
KL(p) AR(p)
AL(p) KR(p)
)
=
(
KL(p)⊕KR(p)) + (0 II 0
)(
AL(p)⊕ AR(p)), (4.13)
which is also required to satisfy the unitarity condition K(−p)K(p) = I.
Constraints from the central elements. The central elements of the boundary subalgebra
B play a crucial role in boundary scattering. Let us explain why. A central element C ∈ B is
required to commute with the boundary scattering matrix and thus must intertwine the K-matrix
K(p) trivially. Since B ⊂ A, there are five candidates for central elements in B. Consider Ha with
a ∈ {L, R}. Note that
pip(Ha) 6= p¯i−p(Ha), p¯ip(Ha) 6= pi−p(Ha),
and thus chirality is conserved if either (or both) HL or HR are in B. However, chirality is not
conserved if only the linear combination H = HL + HR, but not M = HL − HR, is in B, since
pip(H) = p¯i−p(H), pip(M) 6= p¯i−p(M).
Now let us consider C ∈ {P,P†}. Then
pip(C) 6= pi−p(C), p¯ip(C) 6= p¯i−p(C),
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so, if the boundary representation is trivial, then the central elements P and P† cannot be in
the boundary subalgebra. However, suitable linear and quadratic combinations of P and P† are
allowed. In particular, P± ≡ P† ±P and K ≡ P†P satisfy
pip(P
+) = pi−p(P+), pip(P−) 6= pi−p(P−), pip(K) = pi−p(K),
p¯ip(P
+) = p¯i−p(P+), p¯ip(P−) 6= p¯i−p(P−), p¯ip(K) = p¯i−p(K),
and thus we may have P+,K ∈ B, but P− /∈ B, if the boundary representation is trivial. We also
note that P+,K ∈ B does not imply any constraints on the chirality of the reflection.
The last central element we need to consider is U. Since (U) = 1, we should note that
((pip ⊕ p¯ip)⊗ )(∆(U)) 6= ((pi−p ⊕ p¯i−p)⊗ )(∆(U)),
which implies that U cannot be in the boundary algebra B, if boundary representation is given by
the counit . We will show in the next section that this is also true for the vector boundary.
4.2.1 Boundary subalgebras and K-matrices
Left and right half-supersymmetric boundary algebras. We define the left and right half-
supersymmetric boundary superalgebras, BL and BR, to be coideal subalgebras of A generated as
BL =
〈
QL, SL, HL, HR
〉
, BR =
〈
QR, SR, HL, HR
〉
. (4.14)
It remains to check the symmetric pair property. Let
g ≡ L(A) = su(1|1)2c , hL ≡ L(BL) = su(1|1)L ⊕ u(1)R, hR ≡ L(BR) = u(1)L ⊕ su(1|1)R (4.15)
denote the associated Lie superalgebras, and mL and mR denote spaces generated by {QR, SR, P,P†}
and {QL, SL, P,P†}, respectively. Thus g = hL⊕mL and g = hR⊕mR as vector spaces, and an easy
computation shows that the property (4.6) indeed holds. The boundary Lie superalgebra hL is that
of an open superstring on AdS3×S3×S3′×S1 ending on the Y¯ = 0 or Y¯ ′ = 0 half of the D5-brane
maximal giant graviton, or the Y¯ = Y¯ ′ = 0 D1-brane giant (which is the intersection of Y¯ = 0 and
Y¯ ′ = 0 giants). The boundary Lie superalgebra hR is that of an open superstring ending on the
Y = 0 or Y ′ = 0 half of the D5-brane maximal giant, or the Y = Y ′ = 0 D1-brane giant. These
are analogues of open superstrings attached to Y¯ = 0 and Y = 0 giant gravitons in AdS5 × S5 [8].
Let us construct the K-matrices KBa(p) for both a ∈ {L, R}. Since HL,HR ∈ Ba, these K-matrices
are chiral:
KBa(p) = KLBa(p)⊕KRBa(p), (4.16)
where
KLBa(p) =
∑
i,j=1,2
(KLBa(p))
i
j Eij , KRBL(p) =
∑
i,j=1¯,2¯
(KRBa(p))
i
j Eij .
The boundary intertwining equations are given by
pi−p(b)KLBa(p) = K
L
Ba(p)pip(b), p¯i−p(b)K
R
Ba(p) = K
R
Ba(p) p¯ip(b), (4.17)
for all b ∈ Ba. The unitarity conditions are KLBa(−p)KLBa(p) = I and KRBa(−p)KRBa(p) = I. The
solutions to these intertwining equations take the form
KLBL(p) = k
L
BL(p) I, K
R
BL(p) = k
R
BL(p) (E1¯1¯ − u2p E2¯2¯), (4.18)
KLBR(p) = k
L
BR(p) (E11 − u2p E22), KRBR(p) = kRBR(p) I, (4.19)
with both kLBa(−p) kLBa(p) = 1 and kRBa(−p) kRBa(p) = 1 for unitarity.
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Non-supersymmetric chiral boundary algebra. Let us now consider a boundary algebra
containing no supercharges. We set
BNC =
〈
HL,HR
〉
. (4.20)
The boundary Lie algebra L(BNC) = u(1)L⊕u(1)R is from an open superstring on AdS3×S3×S3′×S1
attached to the Z¯ = 0 or Z¯ ′ = 0 half of the D5-brane maximal giant or to the Z = Z¯ ′ = 0 D1-brane
giant. This is analogous to an open superstring ending on the Z¯ = 0 giant graviton in AdS5×S5 [8].
Now the coideal boundary algebra BNC is a subalgebra of A, and the constraints from the central
elements imply that boundary reflections must be chiral. The K-matrix is thus
KBNC(p) = K
L
BNC(p)⊕KRBNC(p). (4.21)
Since there are no additional constraints coming from the intertwining equations of BNC, we must
solve the boundary Yang-Baxter equation or reflection equation (4.31), discussed in the next sub-
section, directly. The solution to this reflection equation has
KLBNC(p) = k
L
BNC(p)
[
E11 +
(c− x+p )
(c+ x−p )
E22
]
, KRBNC(p) = k
R
BNC(p)
[
E1¯1¯ +
(1 + c x+p )
(1− c x−p )
E2¯2¯
]
, (4.22)
where kLBNC(−p) kLBNC(p) = 1 and kRBNC(−p) kRBNC(p) = 1 for unitarity. The parameter c ∈ C, which
is interpreted as a free boundary parameter, has several interesting values. Setting c = tan θ gives
lim
θ→pi
2
KBNC(p) = KBL(p), lim
θ→0
KBNC(p) = KBR(p),
whereas, for c2 = −1, the partial K-matrices (4.22) become identical, since now
(c− x+p )
(c+ x−p )
=
(1 + c x+p )
(1− c x−p )
.
Now we want to ask: Does there exist a larger supersymmetric subalgebra of A which yields this
K-matrix as a solution of the intertwining equations? The answer is yes. Let us introduce the
diagonally supersymmetric boundary algebra
BD =
〈
q+, q−, d, d˜
〉
, (4.23)
which is a coideal subalgebra of A. Here
q+ = P
†QL + icPSR, d =
(
HL − c2HR + ic (P + P†)
)
K,
q− = PSL + icP†QR, d˜ =
(
HL − c2HR − ic (P + P†)
)
K, (4.24)
with K = PP†. We also introduce the space MD generated by {s+, s−, n, n˜ }, where
s+ = P
†QL − icPSR, n =
(
HL + c
2HR + ic (P−P†)
)
K,
s− = PSL − icP†QR, n˜ =
(
HL + c
2HR − ic (P−P†)
)
K. (4.25)
The generators of BD and MD satisfy the following non-trivial identities
{q+, q−} = d, {q+, s−} = n, {q+, s+} = 0,
{s+, s−} = d˜, {q−, s+} = n˜, {q−, s−} = 0,
(4.26)
30
where d, d˜ and n, n˜ are central elements. Notice these relations are identical to those in (3.12). Thus
the associated Lie superalgebra L(BD⊕MD) is isomorphic to L(A), while L(BD) = su(1|1)D⊕ u(1)D
consists of the Lie superalgebra su(1|1)D generated by the triple {q+, q−, d}, and u(1)D generated
by d˜. Moreover,
g ≡ L(BD ⊕MD) ∼= L(A) = su(1|1)2c , hD ≡ L(BD) = su(1|1)D ⊕ u(1)D (4.27)
gives a symmetric pair (g, hD) of Lie superalgebras.
Solving the intertwining equations of the superalgebra BD, with c ∈ C an arbitrary parameter such
that c2 6= −1, gives precisely the K-matrix KBNC(p) obtained above. Hence the algebra BD can be
understood as a hidden symmetry of the non-supersymmetric chiral boundary for c2 6= −1.
We note, however, that setting c2 = −1 yields a solution of the intertwining equations for BD which
consists of both chiral parts, KLBNC(p) and K
R
BNC(p), and achiral parts A
R
BNC(p) and A
L
BNC(p). This
solution does not satisfy the reflection equation. There is no obvious hidden symmetry for c2 = −1.
Non-supersymmetric achiral boundary algebra. Let us now consider the possibility of a
boundary algebra containing only the magnon Hamiltonian. Let us assume that
BNA = 〈H〉, with H = HL + HR, (4.28)
which allows for both chiral and achiral reflections. The associated boundary Lie algebra, given by
L(BNA) = u(1)+, is that of an open superstring on AdS3 × S3 × S3′ × S1 ending on the Y¯ = Y ′ = 0
or Y = Y¯ ′ = 0 D1-brane maximal giant graviton. We choose an achiral ansatz for the K-matrix
KBNA(p) =
(
0 ARBNA(p)
ALBNA(p) 0
)
=
(
0 I
I 0
)(
ALBNA(p)⊕ ARBNA(p)
)
, (4.29)
where
ARBNA(p) =
∑
i=1,2
j=1¯,2¯
(ARBNA(p))
i
j Eij , ALBNA(p) =
∑
i=1¯,2¯
j=1,2
(ALBNA(p))
i
j Eij .
There are no constraints from the intertwining equations of BNA. We must therefore proceed by
solving the reflection equation (4.31) directly – which eventually yields a solution of the form
ARBNA(p) = a
R
BNA(p)
(
1 + x+p x
−
p
)− 1
2
[
− c u−1p (i+ x+p )E11¯ + iηp(E12¯ + E21¯)− c−1 up (i− x−p )E22¯
]
,
ALBNA(p) = a
L
BNA(p)
(
1 + x+p x
−
p
)− 1
2
[
c−1 u−1p (i+ x
+
p )E1¯1 + iηp (E1¯2 + E2¯1) + c up(i− x−p )E2¯2
]
(4.30)
for any c ∈ C. Here aRBNA(−p) aLBNA(p) = 1 and aLBNA(−p) aRBNA(p) = 1 for unitarity.
We can ask the same question as before: does there exist a coideal subalgebra of A which yields this
K-matrix as a solution of the intertwining equations? We were not able to find such an algebra,
but this does not exclude its existence.
4.2.2 Reflection equation
A reflection K-matrix must satisfy the boundary Yang-Baxter equation, also called the reflection
equation [12],
K2(q) R21(q,−p) K1(p) R12(p, q) = R21(−q,−p) K1(p) R12(p,−q) K2(q). (4.31)
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Let us now consider chiral and achiral reflections separately. This reflection equation is equivalent,
for the partial R-matrices and partial chiral K-matrices, to
Kb2(q) Rba21(q,−p) Ka1(p) Rab12(p, q) = Rba21(−q,−p) Ka1(p) Rab12(p,−q) Kb2(q), (4.32)
and, for the partial R-matrices and the partial achiral K-matrices, to
Ab2(q) Rba¯21(q,−p) Aa1(p) Rab12(p, q) = Rb¯a21(−q,−p) Aa1(p) Rab¯12(p,−q) Ab2(q), (4.33)
for all a, b, c ∈ {L, R}, with L¯ = R and R¯ = L (see Figure 5). Here we define
Rab12(p, q) = Rab(p, q), Ka1(p) = Ka(p)⊗ I, Aa1(p) = Aa(p)⊗ I,
Rab21(p, q) = PRab(p, q)P, Ka2(p) = I⊗Ka(p), Aa2(p) = I⊗ Aa(p),
and similarly for R12(p, q) and R21(p, q), and K1(p) and K2(q) in terms of the complete R-matrices
and K-matrices. All the K-matrices constructed above are found to satisfy the reflection equation,
if we impose the parity and discrete LR symmetry constraints on the scale factors sab(p, q) in the
partial R-matrices, which were described in Section 3.3.1.
= =
Figure 5: A two-magnon reflection off a singlet boundary factorizes into a succession of single-
magnon reflections and two-magnon scattering events. The double red and blue line again indices
the direct sum of left and right magnon states which scatter by complete R and K-matrices.
4.3 Vector boundary
The totally supersymmetric boundary superalgebra BT is the coideal subalgebra of A generated as
BT =
〈
QL,SL,HL,QR,SR,HR,P,P
†〉. (4.34)
Note that elements U,U−1 /∈ BT. Since U and U−1 appear in the left tensor factor of the coproduct
only, the coideal property ∆(b) ∈ A⊗ BT for all b ∈ BT is satisfied.
The vector boundary state transforms in the left- or right-moving representation, piB or p¯iB, of the
boundary Lie superalgebra L(BT) = su(1|1)2c . This boundary superalgebra arises from an open
superstring ending on the Z = 0 or Z ′ = 0 half of the D5-brane maximal giant graviton, or the
Z = Z ′ = 0 D1-brane giant (the intersection of Z = 0 and Z ′ = 0 giants), shown in Tables 1.1 and
1.2. This is analogous to an open superstring attached to the Z = 0 giant graviton in AdS5×S5 [8].
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Boundary representations piB and p¯iB. We define the vector spaces associated with left- and
right-moving boundary vector states in the same way as for the magnons in the bulk:
VB = spanC{|φB〉, |ψB〉} ∼= C1|1, V¯B = spanC{|φ¯B〉, |ψ¯B〉} ∼= C1|1,
and set WB = VB ⊕ V¯B ∼= C2|2. The left boundary representation piB : BT → End(C1|1) is given by
(3.20), with the subindex p replaced by B. The right boundary representation p¯iB : BT → End(C1|1)
is analogous to (3.21) subject to the p → B replacement. The primed space W ′B = V ′B ⊕ V¯ ′B , and
representations pi′B and p¯i′B are defined in a similar way. We will use the notation WB ∈ {WB,W ′B}.
We may choose the following parametrization of the boundary parameters:
aB =
√
h ηB, bB =
√
h ηB, cB =
√
h
iηB
xB
, dB =
√
h
iηB
xB
, η2B = −ixB, (4.35)
where xB is the boundary Zhukovski variable satisfying the boundary mass-shell identity
xB +
1
xB
=
imB
h
, (4.36)
with mB the boundary mass parameter. This boundary representation can be obtained from pip
by setting the momentum to p = pi (so that xB ≡ x+p=pi = −x−p=pi), defining the boundary mass
parameter to be mB = mp=pi and rescaling h → h/2. We expect this representation to describe
a magnon state absorbed by the boundary. Notice that the total bulk and boundary momentum
before and after the reflection sum to p+pi−p+pi = 2pi ∼ 0 due to periodicity – which is conservation
of momentum for an elastic reflection off an infinitely massive boundary. We will further justify
these boundary parameters when we discuss the constraints from the central elements in BT.
Boundary intertwining equations. For this case of a vector boundary, the intertwining equa-
tions for the K-matrix KT(p, B) ∈ End(Wp ⊗WB), corresponding to KT(p, B) ∈ End(C2|2 ⊗ C2|2),
are very similar to those imposed on the bulk R-matrix in Chapter 3. The boundary scattering
involves three states: bulk magnon, boundary vector state and the boundary singlet vacuum state.
Since the boundary vacuum state is described by the trival representation  satisfying (b) = 0 for
all b ∈ BT, we can drop it to obtain the boundary intertwining equations for the vector boundary:
((pi−p ⊕ p¯i−p)⊗ (piB ⊕ p¯iB))(∆(b)) KBT(p, B) = KBT(p, B) ((pip ⊕ p¯ip)⊗ (piB ⊕ p¯iB))(∆(b)) (4.37)
for all b ∈ BT.
Constraints from the central elements for vector boundary. Central elements of BT imply
important constraints for reflections off a vector boundary and for the parameters of the boundary
representation piB. Recall that central elements must intertwine the reflection matrix trivially, which
means that, for a chiral reflection,
(pip ⊗ piB)(∆(C)) = (pi−p ⊗ piB)(∆(C)), (p¯ip ⊗ p¯iB)(∆(C)) = (p¯i−p ⊗ p¯iB)(∆(C))
for all C ∈ {Ha,P,P†}. Suppose that we do not know the boundary representation piB. Since the
elements P and P† are central, we must have piB(P) = fB I and piB(P†) = f †B I for some fB, f
†
B ∈ C.
Using pip(P) = h (1 − u2p) I and pip (P†) = h (1 − u−2p ) I, and the boundary intertwining equations,
we obtain
h (1− u2p) + u2p fB = h (1− u−2p ) + u−2p fB, h (1− u−2p ) + u−2p f †B = h (1− u2p) + u2p f †B ,
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giving fB = f
†
B = h. Now notice that pip(P)|p=pi, h→h/2 = pi(P†)|p=pi, h→h/2 = h I, which justifies our
interpretation of the vector boundary as a bulk magnon state with momentum p = pi. A vector
state at the boundary is always necessary for the boundary algebra BT, since the central elements
P and P† cannot be preserved by a singlet boundary.
The next step is to check the intertwining equations for achiral reflections. For example,
(pip ⊗ piB)(∆(Ha)) 6= (p¯i−p ⊗ piB)(∆(Ha)), (pip ⊗ p¯iB)(∆(Ha))) 6= (pi−p ⊗ p¯iB)(∆(Ha)).
However,
(pip ⊗ p¯iB)(∆(C)) = (p¯i−p ⊗ piB)(∆(C)), (pip ⊗ piB)(∆(C)) = (pi−p ⊗ p¯iB)(∆(C)),
for all C ∈ {Ha,P,P†}. This implies that the total number of left or right states is a conserved
quantum number as a result of the central elements in BT. Scattering off a vector boundary, which
intertwines the representations pip ⊗ p¯iB and p¯i−p ⊗ piB or p¯ip ⊗ piB and pi−p ⊗ p¯iB, is forbidden rather
by the intertwining equations for the supercharges. Thus the K-matrix KBT(p) decomposes into
the four sectors (left-from-left, right-from-right, left-from-right and right-from-left) with KabBT(p)
describing the chiral reflection of a magnon of chirality a from a boundary of chirality b.
4.3.1 Complete and partial K-matrices
The complete K-matrix decomposes into the direct sum
KBT(p, B) = K
LL
BT(p, B)⊕KRRBT(p, B)⊕KLRBT(p, B)⊕KRLBT(p, B) (4.38)
of partial K-matrices in the LL, RR, LR and RL decoupled sectors. The partial K-matrices are solutions
of the boundary intertwining and reflection equations, and the unitarity condition.
Left-left and right-right sectors. We write the partial K-matrices in the LL and RR sectors as
KLLBT(p, B) =
∑
i,j,k,l=1,2
(KLL(p, B)) i kj l (Eij ⊗ Ekl), KRRBT(p, B) =
∑
i,j,k,l=1¯,2¯
(KRR(p, B)) i kj l (Eij ⊗ Ekl),
which depend on the magnon momentum p and its mass mp through the Zhukovski variables x
±
p ,
and the boundary mass parameter mB through xB. The boundary intertwining equations are
(pi−p ⊗ piB)(∆(b)) KLLBT(p, B) = KLLBT(p, B) (pip ⊗ piB)(∆(b)),
(p¯i−p ⊗ p¯iB)(∆(b)) KRRBT(p, B) = KRRBT(p, B) (p¯ip ⊗ p¯iB)(∆(b)),
for all b ∈ BT. The unitarity condition is KLLBT(−p, B)KLLBT(p, B) = I and KRRBT(−p, B)KRRBT(p, B) = I.
We find the solutions of these boundary intertwining equations to be
KLLBT(p, B) = k
LL
BT(p, B)
[
E11 ⊗ E11 +
(x+p − u−2p xB)
(x−p − xB)
E11 ⊗ E22 +
(x−p + u2p xB)
(x−p − xB)
E22 ⊗ E11 (4.39)
+
(x+p + xB)
(x−p − xB)
E22 ⊗ E22 +
i (up + u
−1
p ) ηpηB
(x−p − xB)
E12 ⊗ E21 −
i (up + u
−1
p ) ηpηB
(x−p − xB)
E21 ⊗ E12
]
,
KRRBT(p, B) = k
RR
BT(p, B)
[
E1¯1¯ ⊗ E1¯1¯ +
(x+p − u−2p xB)
(x−p − xB)
E1¯1¯ ⊗ E2¯2¯ +
(x−p + u2p xB)
(x−p − xB)
E2¯2¯ ⊗ E1¯1¯ (4.40)
+
(x+p + xB)
(x−p − xB)
E2¯2¯ ⊗ E2¯2¯ +
i (up + u
−1
p ) ηpηB
(x−p − xB)
E1¯2¯ ⊗ E2¯1¯ −
i (up + u
−1
p ) ηpηB
(x−p − xB)
E2¯1¯ ⊗ E1¯2¯
]
,
where kLLBT(−p, B) kLLBT(p, B) = 1 and kRRBT(−p, B) kRRBT(p, B) = 1 for unitarity.
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Left-right and right-left sectors. We write the partial K-matrices in the LR and RL sectors as
KLRBT(p, B) =
∑
i,j=1,2
k,l=1¯,2¯
(KLR(p, B)) i kj l (Eij ⊗ Ekl), KRLBT(p, B) =
∑
i,j=1¯,2¯
k,l=1,2
(KRL(p, B)) i kj l (Eij ⊗ Ekl).
The left-right K-matrix is a solution of the boundary intertwining equations
(pi−p ⊗ p¯iB)(∆(b)) KLRBT(p, B) = KLR(p, B) (pip ⊗ p¯iB)(∆(b)),
(p¯i−p ⊗ piB)(∆(b)) KRLBT(p, B) = KRL(p, B) (p¯ip ⊗ piB)(∆(b)),
for all b ∈ BT. The unitarity condition is KLRBT(−p, B)KLRBT(p, B) = I and KRLBT(−p, B)KRLBT(p, B) = I.
The solutions of the boundary intertwining equations take the form
KLRBT(p, B) = k
LR
BT(p, B)
[
(1− x+p xB)(1 + x−p xB)
]− 1
2
×
[(
x+p xB + u
−2
p
)
E11 ⊗ E1¯1¯ +
(
x−p xB + 1
)
E11 ⊗ E2¯2¯ +
(
x+p xB − 1
)
E22 ⊗ E1¯1¯ (4.41)
+
(
x−p xB − u2p
)
E22 ⊗ E2¯2¯ −
(
up + u
−1
p
)
ηpηB E12 ⊗ E1¯2¯ +
(
up + u
−1
p
)
ηpηB E21 ⊗ E2¯1¯
]
,
KRLBT(p, B) = k
LR
BT(p, B)
[
(1− x+p xB)(1 + x−p xB)
]− 1
2
×
[(
x+p xB + u
−2
p
)
E1¯1¯ ⊗ E11 +
(
x−p xB + 1
)
E1¯1¯ ⊗ E22 +
(
x+p xB − 1
)
E2¯2¯ ⊗ E11 (4.42)
+
(
x−p xB − u2p
)
E2¯2¯ ⊗ E22 −
(
up + u
−1
p
)
ηpηB E1¯2¯ ⊗ E12 +
(
up + u
−1
p
)
ηpηB E2¯1¯ ⊗ E21
]
,
where kLRBT(−p, B) kLRBT(p, B) = 1 and kRLBT(−p, B) kRLBT(p, B) = 1 for unitarity.
We note that it is necessary to impose boundary crossing symmetry conditions on all ourK-matrices,
which constrain the scale factors ka(p) and aa(p). We anticipate that these will be related to the
dressing phases of [38] in the bulk R-matrix. We leave this for future research.
4.3.2 Reflection equation
The reflection equation for the complete K-matrix is
K23(q, B) R21(q,−p) K13(p, B) R12(p, q) = R21(−q,−p) K13(p, B) R12(p,−q) K23(q, B), (4.43)
which is equivalent, for the partial R-matrices and K-matrices, to
Kbc23(q, B) Rba21(q,−p) Kac13(p, B) Rab12(p, q) = Rba21(−q,−p) Kac13(p, B) Rab12(p,−q) Kbc23(q, B), (4.44)
for all a, b, c ∈ {L, R} (see Figure 6). Here we define
Rab12(p, q) = Rab(p, q)⊗ I, Kab13(p, B) = (I⊗ P)(Kab(p, B)⊗ I)(I⊗ P),
Rab21(p, q) = (PRab(p, q)P)⊗ I, Kab23(p, B) = I⊗Kab(p, B)
and similarly for R12(p, q), R21(q, p), K13(p, B) and K23(q, B) in terms of complete R and K-matrices.
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=Figure 6: A two-magnon reflection off a vector boundary factorizes into a succession of single
magnon reflections and two-magnon scattering events. The double red and blue line again indicates
a direct sum of left and right magnons or boundary vector states.
A direct computation shows that the R-matrices and K-matrices for the vector boundary satisfy
(4.44) for (abc) in the homogeneous (LLL, RRR) and mixed (LLR, LRL, RLL, LRR, RLR, RRL) sectors. This
ensures that the complete R-matrix and K-matrix satisfy (4.43).
Part IV
psu(1, 1|2)2 spin-chains in AdS3 × S3 × T 4
5 Integrable closed psu(1, 1|2)2 spin-chain and scattering matrices
The bosonic isometry group of the AdS3 × S3 × T 4 supergravity background is
SO(2, 2)× SO(4)× U(1)4,
with the Lie algebra splitting into left- and right-movers
so(2, 2) ∼ su(1, 1)L ⊕ su(1, 1)R, so(4) ∼ su(2)L ⊕ su(2)R.
The bosonic isometries can thus be rearranged into
[su(1, 1)⊕ su(2)]L ⊕ [su(1, 1)⊕ su(2)]R ⊕ u(1)4,
which is the bosonic part of the superisometry algebra
psu(1, 1|2)L ⊕ psu(1, 1|2)R ⊕ u(1)4.
Massive excitations of the worldsheet of a closed superstring on AdS3 × S3 × T 4 can be identified
with the magnon excitations of a homogeneous double-row psu(1, 1|2)2 closed spin-chain. These
magnons transform under a centrally extended [psu(1|1)2⊕ u(1)]2c algebra18 (two copies of su(1|1)2c
with the Cartan and central elements identified, respectively). The left and right-moving excitations
decouple in the weak coupling limit. This chapter contains a review based on [21] of this integrable
closed psu(1, 1|2)2 spin-chain and the S-matrix describing the scattering of magnon excitations.
18Note that here we use psu(1|1)2 ⊕ u(1) to denote the direct sum of Lie algebras as vector spaces.
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5.1 psu(1, 1|2)2 closed spin-chain with [psu(1|1)2 ⊕ u(1)]2 excitations
5.1.1 Single-row psu(1, 1|2) spin-chain with psu(1|1)2 ⊕ u(1) excitations
Symmetry generators. The psu(1, 1|2) superalgebra shown in Appendix B has bosonic gener-
ators
J0, Jb ∈ su(1, 1), Lβ,L5 ∈ su(2)
of su(1, 1) ⊕ su(2), and fermionic generators Qbββ˙ labeled by b, β, β˙ = ± indices. There is also a
u(1) automorphism R8.
Sites. A site in this homogeneous single-row psu(1, 1|2) spin-chain is the module
M ≡M(−12 , 12 , 0) = spanC{ |φ
(n)
β˙
〉, |ψ(n)β 〉}.
A vector at this site transforms in the half-BPS representation of the psu(1, 1|2) superalgebra shown
in Appendix B. The vacuum state is
|Z〉 = |φ(0)+ 〉, (5.1)
and the four fundamental excitations ϕββ˙ are
|ϕ++˙〉 = |φ(0)− 〉, |ϕ−−˙〉 = |φ(1)+ 〉, |ϕ+−˙〉 = − |ψ(0)− 〉, |ϕ−+˙〉 = |ψ(0)+ 〉, (5.2)
which transform under a psu(1|1)2 ⊕ u(1) algebra with fermionic psu(1|1)2 generators
Q1 ≡ Q−++, Q2 ≡ −Q−+−, S1 ≡ Q+−−, S2 ≡ Q+−+
satisfying {Qi,Sj} = H δij , for i, j ∈ {1, 2}. The additional bosonic u(1) generator H = −J0 − L5
is the magnon Hamiltonian. We notice that this psu(1|1)2 ⊕ u(1) algebra can, alternatively, be
viewed as two copies of su(1|1)2 with the Cartan elements identified. We can extend this algebra to
u(1)2n [psu(1|1)2⊕ u(1)] by introducing X1 = − 12 L5− 12 R8 and X2 = − 12 L5 + 12 R8, which satisfy
{Qi,Sj} = H δij , [Xi,Qj ] = − 12 δijQi, [Xi,Sj ] = 12 δijSi, (5.3)
but do not annihilate the vacuum state.
Spin-chain. The homogeneous single-row spin-chain with J sites is now identified with the module
M⊗J . The spin-chain vacuum and fundamental excitations are
|0〉 = |ZJ〉, |ϕββ˙(n)〉 = |Zn−1ϕββ˙ZJ−n〉. (5.4)
Single magnon excitations are constructed as vectors in momentum space:
|ϕββ˙p 〉 =
J∑
n=1
eipn |ϕββ˙(n)〉. (5.5)
The action of the fermionic psu(1|1)2 generators on a magnon state is
Q1 |ϕ+β˙p 〉 = |ϕ−β˙p 〉, S1 |ϕ+β˙p 〉 = 0, Q1 |ϕ−β˙p 〉 = 0, S1 |ϕ−β˙p 〉 = |ϕ+β˙p 〉,
Q2 |ϕβ+p 〉 = (−1)δβ− |ϕβ−p 〉, S2 |ϕβ+p 〉 = 0, Q2 |ϕβ−p 〉 = 0, S2 |ϕβ−p 〉 = (−1)δβ− |ϕβ+p 〉. (5.6)
37
These low-lying magnon excitations have energy 1 with respect to the magnon Hamiltonian H.
Here also
Xi |0〉 = −J2 |0〉, Xi |ϕ++˙p 〉 = (−J2 + 12) |ϕ++˙p 〉, Xi |ϕ−−˙p 〉 = −J2 |ϕ−−˙p 〉,
X1 |ϕ+−˙p 〉 = (−J2 + 12) |ϕ+−˙p 〉, X2 |ϕ+−˙p 〉 = −J2 |ϕ+−˙p 〉,
X1 |ϕ−+˙p 〉 = −J2 |ϕ−+˙p 〉, X2 |ϕ−+˙p 〉 = (−J2 + 12) |ϕ−+˙p 〉.
The standard procedure by which single-magnon excitations may be generalized to multi-magnon
excitations was described in Section 3.1.1.
5.1.2 Double-row psu(1, 1|2)2 closed spin-chain with [psu(1|1)2 ⊕ u(1)]2 excitations
The homogeneous double-row psu(1, 1|2)2 spin-chain consists of left and right-moving psu(1, 1|2)L
and psu(1, 1|2)R spin-chains which decouple at weak coupling.
Sites. Sites of the left and right-moving spin-chains form the module ML ⊗MR, with ML and MR
the left and right copies of the module M . The vacuum state and fundamental excitations are
|Z〉 =
∣∣∣∣(ZLZR
)〉
, |ϕββ˙〉 =
∣∣∣∣(ϕββ˙LZR
)〉
, |ϕ¯ββ˙〉 =
∣∣∣∣( ZLϕββ˙R
)〉
, (5.7)
which transform under the [psu(1|1)2 ⊕ u(1)]2 algebra
{Qai,Sbj} = Ha δab δij , [Xai,Qbj ] = − 12 Qai δab δij , [Xai,Sbj ] = 12 Sai δab δij ,
with a, b ∈ {L, R} and i, j ∈ {1, 2}. Notice that Xi = XLi − XRi do annihilate the vacuum state,
although XLi and XRi individually do not. We define H = HL + HR and M = HL − HR, with H the
magnon Hamiltonian. Again, we will focus on well-separated magnon excitations in the J → ∞
limit so that the left and right-moving excitations ϕββ˙L and ϕ
ββ˙
R do not coincide.
Spin-chain. The homogeneous double-row spin-chain is identified with the module (ML⊗MR)⊗J .
The ground state is
|0〉 = |ZJ〉 =
∣∣∣∣∣
(
ZL
ZR
)J〉
, (5.8)
and left- and right-moving fundamental excitations are
|ϕββ˙(n)〉 = |Zn−1ϕββ˙ZJ−n〉 =
∣∣∣∣∣
(
ZL
ZR
)n−1(
ϕββ˙L
ZR
)(
ZL
ZR
)J−n〉
,
|ϕ¯ββ˙(n)〉 = |Zn−1ϕ¯ββ˙ZJ−n〉 =
∣∣∣∣∣
(
ZL
ZR
)n−1( ZL
ϕββ˙R
)(
ZL
ZR
)J−n〉
, (5.9)
with low-lying left- and right-moving single magnon excitations given by
|ϕββ˙p 〉 =
J∑
n=1
eipn |ϕββ˙(n)〉, |ϕ¯ββ˙p 〉 =
J∑
n=1
eipn |ϕ¯ββ˙(n)〉. (5.10)
The left- and right-moving magnon excitations |ϕββ˙p 〉 and |ϕ¯ββ˙p 〉 have energy eigenvalue 1 of the
magnon Hamiltonian H, whereas the left/right-movers have mass eigenvalues ±1, with thus a
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particles/antiparticle interpretation. The non-trivial action of the fermionic generators of the
[psu(1|1)2 ⊕ u(1)]2 algebra on these magnon states is
QL1 |ϕ+β˙p 〉 = |ϕ−β˙p 〉, SL1 |ϕ−β˙p 〉 = |ϕ+β˙p 〉, QL2 |ϕβ+p 〉 = (−1)δβ− |ϕβ−p 〉, SL2 |ϕβ−p 〉 = (−1)δβ− |ϕβ+p 〉,
QR1 |ϕ¯+β˙p 〉 = |ϕ¯−β˙p 〉, SR1 |ϕ¯−β˙p 〉 = |ϕ¯+β˙p 〉, QR2 |ϕ¯β+p 〉 = (−1)δβ− |ϕ¯β−p 〉, SR2 |ϕ¯β−p 〉 = (−1)δβ− |ϕ¯β+p 〉,
(5.11)
with the non-trivial action of the u(1) generators Xi of the u(1)
2n [psu(1|1)2⊕u(1)]2 algebra, which
annihilate the ground state, given by
Xi |ϕ++˙p 〉 = 12 |ϕ++˙p 〉, X1 |ϕ+−˙p 〉 = 12 |ϕ+−˙p 〉, X2 |ϕ−+˙p 〉 = 12 |ϕ−+˙p 〉,
Xi |ϕ¯++˙p 〉 = − 12 |ϕ¯++˙p 〉, X1 |ϕ¯+−˙p 〉 = −12 |ϕ¯+−˙p 〉, X2 |ϕ¯−+˙p 〉 = −12 |ϕ¯−+˙p 〉.
We again make use of the standard generalization to multi-magnon excitations.
5.2 psu(1, 1|2)2 spin-chain with centrally extended [psu(1|1)2 ⊕ u(1)]2c excitations
Beyond the weak-coupling limit of the psu(1, 1|2)2 spin-chain in which the left- and right-moving
excitations decouple, we must centrally extend the subalgebra of the massive magnon excitations to
[psu(1|1)2 ⊕ u(1)]2c . This centrally extended algebra has fermionic generators Qai, Sai and bosonic
generators Ha, P, P
†, with a ∈ {L, R} and i ∈ {1, 2}. These generators satisfy
{Qai,Sbj} = Ha δab δij , {QLi,QRj} = P δij , {SLi,SRj} = P† δij . (5.12)
Here P and P† are the new central elements. The dynamic and non-dynamic psu(1, 1|2)2 spin-
chains were studied in detail in [21]. Let us briefly review these constructions.
5.2.1 Finite spin-chain with length-changing effects
The bosonic central elements P and P† have length-changing effects on the closed finite spin-chain
above. Here Z+ and Z− insert or remove a vacuum state, as described in Section 3.2.1.
Single-magnon excitations. The action of the fermionic generators of the [psu(1|1)2 ⊕ u(1)]2c
algebra on the left-moving magnon excitations is [21]:
QL1 |ϕ+β˙p 〉 = ap |ϕ−β˙p 〉, SL1 |ϕ−β˙p 〉 = bp |ϕ+β˙p 〉,
QL2 |ϕβ+p 〉 = (−1)δβ−ap |ϕβ−p 〉, SL2 |ϕβ−p 〉 = (−1)δβ−bp |ϕβ+p 〉,
QR1 |ϕ−β˙p 〉 = cp |Z+ϕ+β˙p 〉, SR1 |ϕ+β˙p 〉 = dp |Z−ϕ−β˙p 〉,
QR2 |ϕβ−p 〉 = (−1)δβ−cp |Z+ϕβ+p 〉, SR2 |ϕβ+p 〉 = (−1)δβ−dp |Z−ϕβ−p 〉, (5.13)
and, similarly, on the right-moving magnon excitations
QR1 |ϕ¯+β˙p 〉 = a¯p |ϕ¯−β˙p 〉, SR1 |ϕ¯−β˙p 〉 = b¯p |ϕ¯+β˙p 〉,
QR2 |ϕ¯β+p 〉 = (−1)δβ− a¯p |ϕ¯β−p 〉, SR2 |ϕ¯β−p 〉 = (−1)δβ− b¯p |ϕ¯β+p 〉,
QL1 |ϕ¯−β˙p 〉 = c¯p |Z+ϕ¯+β˙p 〉, SL1 |ϕ¯+β˙p 〉 = d¯p |Z−ϕ¯−β˙p 〉,
QL2 |ϕ¯β−p 〉 = (−1)δβ− c¯p |Z+ϕ¯β+p 〉, SL2 |ϕ¯β+p 〉 = (−1)δβ− d¯p |Z−ϕ¯β−p 〉. (5.14)
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The energy eigenvalues of H = HL + HR for the left- and right-moving magnons are
Ep = apbp + cpdp and E¯p = a¯pb¯p + c¯pd¯p,
and the eigenvalues of the mass operator M = HL − HR are
m = apbp − cpdp = 1 and − m¯ = −(a¯pb¯p − c¯pd¯p) = −1.
Physical single magnon states should again be annihilated by the central elements P and P†, which
would imply cp = dp = c¯p = d¯p = 0 so we revert to a magnon state of the decoupled spin-chain.
Two-magnon excitations. We can write similar excitations for two left-moving magnons of
momenta p and q to those in Section 3.2.1, as well as for two right-moving magnons, and for left- and
right-moving magnons |ϕββ˙p ϕγγ˙q 〉, |ϕ¯ββ˙p ϕ¯γγ˙q 〉, |ϕββ˙p ϕ¯γγ˙q 〉, |ϕ¯ββ˙p ϕγγ˙q 〉 in terms of these length-changing
effects. We find that, for these two-magnon states to be annihilated by the central elements P
and P†, we must make use of the parameterization (3.17) for both ap, bp, cp, dp and a¯p, b¯p, c¯p, d¯p,
satisfying the same constraints (3.18), with now unit mass m = m¯ = 1.
5.2.2 Infinite spin-chain with Hopf algebra structure
Now, in the J →∞ infinite spin-chain limit, we can encode the length-changing effects rather in a
U-braided Hopf algebra structure for the [psu(1|1)2⊕u(1)]2c superalgebra, as in Appendix B of [21].
Single-magnon representations. We will write the actions (5.13) and (5.14) in terms of matrix
representations of [psu(1|1)2 ⊕ u(1)]2c . We must first introduce the vector spaces
Vp = spanC{ |ϕ++˙p 〉, |ϕ+−˙p 〉, |ϕ−+˙p 〉, |ϕ−−˙p 〉}, V¯p = spanC{ |ϕ¯++˙p 〉, |ϕ¯+−˙p 〉, |ϕ¯−+˙p 〉, |ϕ¯−−˙p 〉},
for left- and right-moving magnons. We can identify these vector spaces with C1|1⊗C˙1|1. The action
(5.13) can be encoded in the left-moving representation pip : [psu(1|1)2⊕u(1)]2c → End(C1|1 ⊗ C˙1|1):
pip(QL1) = ap E21 ⊗ I, pip(QL2) = ap I⊗ E21, pip(QR1) = cp E12 ⊗ I, pip(QR1) = cp I⊗ E12,
pip(SL1) = bp E12 ⊗ I, pip(SL2) = bp I⊗ E12, pip(SR1) = dp E21 ⊗ I, pip(SR2) = dp I⊗ E21,
pip(HL) = apbp I⊗ I, pip(HR) = cpdp I⊗ I, pip(P) = apcp I⊗ I, pip(P†) = bpdp I⊗ I,
(5.15)
and, similarly, the action of the generators (5.14) can be encoded in the right-moving magnon
representation p¯ip : [psu(1|1)2 ⊕ u(1)]2c → End(C1|1 ⊗C1|1):
pip(QR1) = ap E2¯1¯ ⊗ I, pip(QR2) = ap I⊗ E2¯1¯, pip(QL1) = cp E1¯2¯ ⊗ I, pip(QL1) = cp I⊗ E1¯2¯,
pip(SR1) = bp E1¯2¯ ⊗ I, pip(SR2) = bp I⊗ E1¯2¯, pip(SL1) = dp E2¯1¯ ⊗ I, pip(SL2) = dp I⊗ E2¯1¯,
pip(HR) = apbp I⊗ I, pip(HL) = cpdp I⊗ I, pip(P) = apcp I⊗ I, pip(P†) = bpdp I⊗ I,
(5.16)
both with parameters (3.17).
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Hopf algebra. Again we introduce an additional generator U, which is central with respect to
the [psu(1|1)2 ⊕ u(1)]2c superalgebra. The action on any single-magnon excitation is
U |ϕββ˙p 〉 = ei
p
2 |ϕββ˙p 〉, U |ϕ¯ββ˙p 〉 = ei
p
2 |ϕ¯ββ˙p 〉, (5.17)
and hence
pip(U) = − cpd−1p I⊗ I = ei
p
2 I⊗ I, p¯ip(U) = − c¯pd¯−1p I⊗ I = ei
p
2 I⊗ I, (5.18)
in the left- and right-moving single-magnon representations. As in Section 3.2.2, we define a Hopf
algebra structure on [psu(1|1)2⊕u(1)]2c , denoting this Hopf superalgebra by A throughout Part IV.
L(A) = [psu(1|1)2 ⊕ u(1)]2c
is the associated Lie superalgebra.
We again choose a symmetric frame in which the coproduct takes a form similar to that of [21]:
∆(Qai) = Qai ⊗ 1 + U⊗Qai, ∆(P) = P⊗ 1 + U2 ⊗P,
∆(Sai) = Sai ⊗ 1 + U−1⊗Sai, ∆(P†) = P† ⊗ 1 + U−2 ⊗P†,
∆(Ha) = Ha ⊗ 1 + 1⊗ Ha, ∆(U±1) = U±1 ⊗ U±1, (5.19)
with opposite coproduct ∆op(a) = P∆(a). The central elements co-commute, ∆(C) = ∆op(C) for
C ∈ {Ha,P,P†}, which implies P = ν1 (1 − U2) and P† = ν2 (1 − U−2), again using ν1 = ν2 = h
to obtain our representations pip and p¯ip. All the other Hopf algebra structures of Section 3.2.2
generalize in the obvious manner. In particular, the antipode S : A → A is
S (Qai) = −U−1 Qai, S (Sai) = −USai, S (Ha) = −Ha,
S (P) = −U−2 P, S (P†) = −U2 P†, S (U) = U−1, (5.20)
which relates left- and right-movers in the representations pip and pip¯ through
pip(S (a)) = (pip¯(a¯))
str, (5.21)
with the charge conjugation matrix trivial. Here a ∈ A, with a¯ ∈ A defined by
Q¯ai = δaL QRi + δaR QLi, P¯ = P, H¯a = δaL HR + δaR HL,
S¯ai = δaL SRi + δaR SLi, P¯
† = P†, U¯±1 = U±1. (5.22)
5.3 Two-magnon scattering and R-matrices
The two-magnon scattering matrix is
S(p, q) = P R(p, q), with R(p, q) ∈ End(Wp ⊗Wq), (5.23)
where now
Wp = Vp ⊕ V¯p = spanC{ |ϕ++˙p 〉, |ϕ+−˙p 〉, |ϕ−+˙p 〉, |ϕ−−˙p 〉, |ϕ¯++˙p 〉, |ϕ¯+−˙p 〉, |ϕ¯−+˙p 〉, |ϕ¯−−˙p 〉}.
Again, R(p, q) can be decomposed into a direct sum of four sectors Rab(p, q) corresponding to the
partial R-matrices Rab(p, q) ∈ End((C1|1 ⊗ C˙1|1)⊗ (C1|1 ⊗ C˙1|1)). Here the complete R-matrix
R(p, q) = RLL(p, q)⊕ RLR(p, q)⊕ RRL(p, q)⊕ RRR(p, q) (5.24)
satisfies the intertwining equations (3.34), with pip and p¯ip now the representations (5.15) and (5.16),
and a similar unitarity condition.
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The intertwining equations of Qa1 and Sa1 intertwine only the C
1|1 space non-trivially, and similarly
those of Qa2 and Sa2 intertwine only C˙
1|1. The intertwining equations of Ha may be thought of as
acting non-trivially on either space and trivially on the other, and just ensure the decomposition of
the R-matrix into block-diagonal form. Thus two copies of the partial R-matrices of the d(2, 1;α)2
spin-chain given in Section 3.3.1,
Rab(p, q) =
∑
i,j,k, l
(Rab(p, q)) i kj l Eij ⊗ Ekl, R˙ab(p, q) =
∑
i˙, j˙, k˙, l˙
(Rab(p, q)) i˙ k˙
j˙ l˙
Ei˙j˙ ⊗ Ek˙l˙,
can be used to build an R-matrix R(p, q) for the psu(1, 1|2)2 spin-chain [21]. This decomposes into
the partial R-matrices given by
Rab(p, q) =
∑
i,i˙,j,j˙,
k,k˙,`, ˙`
(Rab(p, q))i i˙, kk˙
jj˙, ` ˙`
(Eij ⊗ Ei˙j˙)⊗ (Ek` ⊗ Ek˙ ˙`), (5.25)
with19
(Rab(p, q)) i i˙, kk˙
jj˙, ` ˙`
= (−1)(k+`)(i˙+j˙) (Rab(p, q))ikj` (Rab(p, q))i˙ k˙j˙ ˙` , (5.26)
where i, i˙, j, j˙ ∈ {1, 2} and {1¯, 2¯} for a = L and a = R, respectively, and k, k˙, `, ˙` ∈ {1, 2} and {1¯, 2¯}
for b = L and b = R. Now the Zhukovski variables satisfy a mass shell constraint (3.18) with unit
mass m = 1. This R-matrix satisfies the Yang-Baxter equation (3.40) and a unitarity condition.
6 Integrable open psu(1, 1|2)2 spin-chain and reflection matrices
Let us now consider the boundary scattering of magnon excitations of a psu(1, 1|2)2 open spin-chain
off an integrable boundary. These correspond to massive excitations of an open superstring ending
on D-branes in AdS3×S3×T 4, such as one of the maximal giant gravitons discussed in Chapter 2.
6.1 Open spin-chains and boundary scattering
6.1.1 Double-row psu(1, 1|2)2 open spin-chain with [psu(1|1)2 ⊕ u(1)]2c excitations
Semi-infinite open spin-chain. Again we consider a semi-infinite open spin-chain with J →∞
which has a boundary site on the right side. The ground state is
|0〉 = |ZJFB〉, (6.1)
with FB an infinitely heavy boundary field. Fundamental excitations now take the form∣∣ϕββ˙(n)〉B = |ZJ−nϕββ˙Zn−1FB〉, ∣∣ϕ¯ββ˙(n)〉B = |Zn−1ϕ¯ββ˙ZJ−nFB〉 (6.2)
in terms of the left- and right-moving excitations ϕββ˙ and ϕ¯ββ˙ of Section 5.1.2. The low-lying left-
and right single-magnon excitations of the double-row open spin-chain are thus
∣∣ϕββ˙p 〉B = J∑
n=1
e−ipn
∣∣ϕββ˙(n)〉B, ∣∣ϕ¯ββ˙p 〉B = J∑
n=1
e−ipn
∣∣ϕ¯ββ˙(n)〉B. (6.3)
19We make use of the isomorphism I⊗P⊗ I between C1|1⊗C1|1⊗ C˙1|1⊗ C˙1|1 and C1|1⊗ C˙1|1⊗C1|1⊗ C˙1|1 which
maps the graded tensor product Rab(p, q)⊗ R˙ab(p, q) of the R-matrices in Section 3.3.1 to the R-matrix Rab(p, q) here.
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In the J →∞ limit, magnon states of the semi-infinite open spin-chain can again be identified with
magnon states of the closed spin-chain, with an additional boundary state,∣∣ϕββ˙p 〉B = ∣∣ϕββ˙p 〉⊗ |0〉B, ∣∣ϕ¯ββ˙p 〉B = ∣∣ϕ¯ββ˙p 〉⊗ |0〉B (6.4)
with |ϕββ˙p 〉 and |ϕ¯ββ˙p 〉 bulk magnon excitations in Vp and V¯p. The length changing effects of the
dynamic spin-chain are encoded in the Hopf algebra A of Section 5.2.2. The boundary field FB is
represented by the boundary vacuum state |0〉B. We can generalize to multi-magnon states.
Boundary algebra. The boundary algebra B ⊂ A must be a coideal subalgebra of the bulk
Hopf superalgebra A. The singlet boundary state |0〉B transforms in the trivial representation of
B defined by the counit map . A vector state |Φ〉B at the boundary |0〉B is also possible.
6.1.2 Boundary scattering and K-matrices
Outgoing single-magnon representations pi−p and p¯i−p. Incoming magnons are states in Vp
and V¯p, whereas outgoing magnons are states in the vector spaces V−p and V¯−p. The incoming
single-magnon representations pip and p¯ip are shown in (5.15) and (5.16). The outgoing single-
magnon representations pi−p : A → End(C1|1⊗ C˙1|1) and p¯i−p : A → End(C1|1⊗ C˙1|1) are obtained
by replacing the parameters ap, bp, cp, dp with the parameters a−p, b−p, c−p, d−p given in (4.8).
Singlet boundary scattering. The boundary scattering matrix is
Sboundary(p) = κ K(p), with K(p) ∈ End(Wp), (6.5)
with κ the reflection map. The scattering of magnons off a singlet boundary |0〉B was described in
Section 4.1.2. The vector space Wp = Vp⊕Vp with Vp, V¯p ∼= C1|1⊗ C˙1|1 is discussed in Section 5.3.
Vector boundary scattering. The boundary scattering matrix is now
Sboundary(p, B) = κ K(p, B), with K(p, B) ∈ End(Wp ⊗WB). (6.6)
Here Wp and WB are both modules of B(T,T) = [psu(1|1)2 ⊕ u(1)]2c . The scattering of magnon
excitations of an open spin-chain off a vector boundary |ΦB〉 ⊗ |0〉B was described in Section 4.1.2.
We will discuss singlet boundaries in Section 6.2 and the vector boundary in Section 6.3.
6.2 Singlet boundaries
Boundary algebras. There are now more possible coideal boundary subalgebras B of the bulk
Hopf superalgebra A, describing magnons scattering off singlet boundaries, than in Section 4.2.
The associated Lie algebras L(B) can be compared with the boundary algebras shown in Table 2.1.
∗ left, right & mixed half-supersymmetric boundary algebras B(L,L), B(R,R), B(L,R), B(R,L),
corresponding to D-branes preserving half the bulk supersymmetries, and H and M, implying
chiral boundary scattering. The boundary Lie algebras associated with these coideal boundary
subalgebras are psu(1|1)2L ⊕ u(1)L ⊕ u(1)R, u(1)L ⊕ psu(1|1)2R ⊕ u(1)R and su(1|1)L ⊕ su(1|1)R.
∗ non-supersymmetric chiral boundary algebra B(NC,NC), corresponding to D-branes which
preserve none of the bulk supersymmetries, but do preserve H and M. The associated bound-
ary Lie algebra is u(1)L ⊕ u(1)R. We will show that scattering off this boundary has a hidden
symmetry, denoted B(D,D), contained in the bulk Hopf superalgebra.
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∗ left & right quarter-supersymmetric boundary algebras B(L,NC), B(NC,L), B(R,NC), B(NC,R),
corresponding to D-branes preserving a quarter of the bulk supersymmetries, and H and M.
The associated boundary Lie algebras are su(1|1)L⊕ u(1)R and u(1)L⊕ su(1|1)R. We will show
that these boundary scattering processes preserve hidden symmetries, denoted B(L,D), B(D,L),
B(R,D), B(D,R), at the level of the Hopf superalgebra.
∗ non-supersymmetric achiral boundary algebra B(NA,NA), corresponding to D-branes pre-
serving H, but no bulk supersymmetries. The associated boundary Lie algebra is u(1)+.
Boundary intertwining equations. The K-matrix K(p) ∈ End(Wp) again has four sectors:
Ka(p) are chiral reflections and Aa(p) are achiral reflections. The partial K-matrices Ka(p), Aa(p) ∈
End(C1|1 ⊗ C˙1|1). The complete K-matrix K(p) takes the form shown in (4.13). The boundary
intertwining equations (4.11) for all b ∈ B simplify to (4.12) for those b ∈ [psu(1|1)2⊕u(1)]2c . Here pip
and p¯ip are now the representations (5.15) and (5.16), and similarly for the reflected representations.
Integrable K-matrices satisfying the reflection equation (4.43) can be built from two of the K-
matrices KB1(p) and K˙B2(p) given in Section 4.2.1 – which have partial K-matrices
KaB1(p) =
∑
i,j
(KaB1(p))
i
j Eij , AaB1(p) =
∑
i,j
(AaB1(p))
i
j Eij ,
K˙aB2(p) =
∑
i˙, j˙
(KaB2(p))
i˙
j˙
Ei˙j˙ , A˙
a
B2(p) =
∑
i˙, j˙
(AaB2(p))
i˙
j˙
Ei˙j˙ . (6.7)
The result is a complete K-matrix solution of the boundary intertwining equations associated with
a boundary coideal subalgebra, denoted B(1,2). The partial K-matrices are given by
KaB(1,2)(p) = K
a
B1(p)⊗ K˙aB2(p) =
∑
i,j, i˙, j˙
(KaB(1,2)(p))
i i˙
jj˙
Eij ⊗ Ei˙j˙ ,
AaB(1,2)(p) = A
a
B1(p)⊗ A˙aB2(p) =
∑
i,j, i˙, j˙
(AaB(1,2)(p))
i i˙
jj˙
Eij ⊗ Ei˙j˙ , (6.8)
with
(KaB(1,2)(p))
i i˙
jj˙
= (KaB1(p))
i
j (K
a
B2(p))
i˙
j˙
, (AaB(1,2)(p))
i i˙
jj˙
= (AaB1(p))
i
j (A
a
B2(p))
i˙
j˙
.
We notice that KB1(p) and KB2(p) must both be chiral or must both be achiral for a non-zero
reflection matrix KB(1,2)(p) built in this way.
Constraints from the central elements. Again, boundary subalgebras associated with singlet
boundaries may not contain the central elements P and P†. The inclusion of HL or HR in the
boundary algebra B once more implies a chiral K-matrix, although achiral K-matrices are allowed
if only H = HL + HR is contained in B.
6.2.1 Boundary subalgebras and K-matrices
Left, right and mixed half-supersymmetric boundary algebras. The left, right and mixed
half-supersymmetric boundary superalgebras, B(L,L), B(R,R), B(L,R) and B(R,L), are defined to be coideal
subalgebras of A generated as follows:
B(L,L) =
〈
QL1, SL1, QL2, SL2, HL, HR
〉
, B(R,R) =
〈
QR1, SR1, QR2, SR2, HL, HR
〉
,
B(L,R) =
〈
QL1, SL1, QR2, SR2, HL, HR
〉
, B(R,L) =
〈
QR1, SR1, QL2, SL2, HL, HR
〉
. (6.9)
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That B(a,b) is an integrable boundary algebra follows from the fact that (g, h(a,b)) forms a symmetric
pair of Lie algebras, if we define
g ≡ L(A) = [psu(1|1)2 ⊕ u(1)]2c ,
h(L,L) ≡ L(B(L,L)) = [psu(1|1)2 ⊕ u(1)]L ⊕ u(1)R, h(R,R) ≡ L(B(R,R)) = u(1)L ⊕ [psu(1|1)2 ⊕ u(1)]R,
h(L,R) ≡ L(B(L,R)) = su(1|1)L ⊕ su(1|1)R, h(R,L) ≡ L(B(R,L)) = su(1|1)L ⊕ su(1|1)R. (6.10)
Here g = h(a,b)⊕m(a,b), with m(L,L), m(R,R), m(L,R) and m(R,L) generated by {QR1,SR1,QR2,SR2,P,P†},
{QL1,SL1,QL2,SL2,P,P†}, {QR1,SR1,QL2,SL2,P,P†} and {QL1,SL1,QR2,SR2,P,P†}. The bound-
ary Lie superalgebras h(L,L) and h(R,R) are associated with open superstrings on AdS3×S3×T 4 ending
on Y = 0 and Y¯ = 0 D1- or D5-brane maximal giant gravitons, respectively.
The K-matrix solutions of the relevant boundary intertwining equations are given by
KB(a,b)(p) = K
L
B(a,b)(p)⊕KRB(a,b)(p), with KcB(a,b)(p) = KcBa(p)⊗ K˙cBb(p), (6.11)
for a, b, c ∈ {L, R}, in terms of solutions in Section 4.2.1. This satisfies the reflection equation (4.44).
Non-supersymmetric chiral boundary algebra. A boundary coideal subalgebra which con-
tains no supercharges, but leads to boundary scattering processes which preserve chirality, is
B(NC,NC) =
〈
HL,HR
〉
. (6.12)
The boundary Lie algebra L(B(NC,NC)) = u(1)L⊕u(1)R is that of an open superstring on AdS3×S3×T 4
ending on the Z¯ = 0 D1- or D5-brane maximal giant graviton. A K-matrix solution of the boundary
intertwining equation for B(NC,NC) and the reflection equation is
KB(NC,NC)(p) = K
L
B(NC,NC)(p)⊕KRB(NC,NC)(p), with KaB(NC,NC)(p) = KaBNC(p)⊗ K˙aBNC(p). (6.13)
Let us now show that there is a hidden symmetry. A diagonally supersymmetric boundary algebra
is defined by
B(D,D) =
〈
q+1, q−1, q+2, q−2, d, d˜
〉
, (6.14)
which is a coideal subalgebra of A. The K-matrix (6.13) intertwines representations of these hidden
boundary symmetries B(D,D). Here
q+j = P
†QLj + icPSRj , d =
(
HL − c2HR + ic (P + P†)
)
K,
q−j = PSLj + icP†QRj , d˜ =
(
HL − c2HR − ic (P + P†)
)
K, (6.15)
with K = PP†. The space M(D,D) is generated by {s+1, s−1, s+2, s−2, n, n˜}, where we define
s+j = P
†QLj − icPSRj , n =
(
HL + c
2HR + ic(P−P†)
)
K,
s−j = PSLj − icP†QRj , n˜ =
(
HL + c
2HR − ic(P−P†)
)
K. (6.16)
The generators of B(D,D) and M(D,D) satisfy
{q+i, q−j} = d δij , {q+i, s−j} = n δij , {q+i, s+j} = 0,
{s+i, s−j} = d˜ δij , {q−i, s+j} = n˜ δij , {q−i, s−j} = 0,
(6.17)
with d, d˜ and n, n˜ central elements. These relations are identical to those in (5.12). The associated
Lie superalgebra L(B(D,D) ⊕M(D,D)) is isomorphic to L(A), while here L(B(D,D)) is generated by
{q+1, q−1, q+2, q−2, d, d˜}. Now (g, h(D,D)) defines a symmetric pair, with
g ≡ L(B(D,D) ⊕M(D,D)) ∼= L(A) = [psu(1|1)2 ⊕ u(1)]2c ,
h(D,D) ≡ L(B(D,D)) = [psu(1|1)2 ⊕ u(1)]D ⊕ u(1)D. (6.18)
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Left and right quarter-supersymmetric boundary algebras. The following left and right
quarter-supersymmetric boundary superalgebras can also be defined
B(L,NC) =
〈
QL1, SL1, HL, HR
〉
, B(NC,L) =
〈
QL2, SL2, HL, HR
〉
,
B(R,NC) =
〈
QR1, SR1, HL, HR
〉
, B(NC,R) =
〈
QR2, SR2, HL, HR
〉
. (6.19)
Here the associated boundary Lie superalgebras are L(B(L,NC)) = L(B(NC,L)) = su(1|1)L ⊕ u(1)R and
L(B(R,NC)) = L(B(NC,R)) = u(1)L⊕ su(1|1)R. The K-matrices which satisfy the boundary intertwining
equations of B(a,NC) and B(NC,a), respectively, and the reflection equation are
KB(a,NC)(p) = K
L
B(a,NC)(p)⊕KRB(a,NC)(p), with KbB(a,NC)(p) = KbBa(p)⊗ K˙bBNC(p),
KB(NC,a)(p) = K
L
B(NC,a)(p)⊕KRB(NC,a)(p), with KbB(NC,a)(p) = KbBNC(p)⊗ K˙bBa(p), (6.20)
for a, b ∈ {L, R}.
There are again hidden symmetries in the Hopf superalgebra. We define coideal subalgebras of A
which take the form
B(L,D) =
〈
QL1,SL1, q+2, q−2, d, d˜, HL, HR
〉
, B(D,L) =
〈
q+1, q−1, QL2,SL2, d, d˜, HL, HR
〉
,
B(R,D) =
〈
QR1,SR1, q+2, q−2, d, d˜, HL, HR
〉
, B(D,R) =
〈
q+1, q−1, QR2,SR2, d, d˜, HL, HR
〉
. (6.21)
We define M(L,D), M(D,L), M(R,D) and M(D,R) to be spaces generated by {QR1, SR1, s+2, s−2, n, n˜},
{s+1, s−1, QR2, SR2, n, n˜}, {QL1, SL1, s+2, s−2, n, n˜} and {s+1, s−1, QL2, SL2, n, n˜}. Here we can
construct symmetric pairs (g, h(a,NC)) and (g, h(NC,a)) of Lie algebras:
g ≡ L(B(a,D) ⊕M(a,D)) = L(B(D,a) ⊕M(D,a)) ∼= L(A) = [psu(1|1)2 ⊕ u(1)]2c ,
h(a,D) ≡ L(B(a,D)) = su(1|1)a ⊕ su(1|1)D, h(D,a) ≡ L(B(D,a)) = su(1|1)D ⊕ su(1|1)a. (6.22)
Non-supersymmetric achiral boundary algebra. A boundary algebra which contains no
supercharges and breaks chiral symmetry is
B(NA,NA) =
〈
H
〉
. (6.23)
The boundary Lie algebra is L(B(NA,NA)) = u(1)+. A K-matrix solution of the boundary intertwining
equation of B(NA,NA) and reflection equation is
K(NA,NA)(p) =
(
0 AR(NA,NA)(p)
AL(NA,NA)(p) 0
)
, with Aa(NA,NA)(p) = A
a
NA(p)⊗ A˙aNA(p). (6.24)
It is not clear if there is a hidden symmetry in this case.
6.3 Vector boundaries
The totally supersymmetric boundary superalgebra B(T,T) is the coideal subalgebra of A generated
as
B(T,T) =
〈
QL1,SL1,QL2,SL2,QR1,SR1,QR2,SR2,HR,HL,P,P
†〉, (6.25)
with U,U−1 /∈ B(T,T).
The vector boundary state transforms in the left- or right-moving representation, piB or p¯iB, of the
boundary Lie superalgebra L(B(T,T)) = [psu(1|1)2⊕u(1)]2c . Table 2.1 shows that this is the boundary
superalgebra of an open superstring on AdS3 × S3 × T 4 attached to the Z = 0 D1- or D5-brane
maximal giant graviton.
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Boundary representations piB and p¯iB. We define the vector spaces associated with left and
right-moving boundary vector states in the same way as for the magnons in the bulk:
VB = spanC{ |ϕ++˙B 〉, |ϕ+−˙B 〉, |ϕ−+˙B 〉, |ϕ−−˙B 〉}, V¯B = spanC{ |ϕ¯++˙B 〉, |ϕ¯+−˙B 〉, |ϕ¯−+˙B 〉, |ϕ¯−−˙B 〉},
both isomorphic to C1|1⊗ C˙1|1. We setWB = VB⊕V¯B. The left and right boundary representations
piB : B(T,T) → End(C1|1 ⊗ C˙1|1) and p¯iB : B(T,T) → End(C1|1 ⊗ C˙1|1) are given by (5.15) and (5.16),
with the subindex p replaced by B. We choose the parametrization (4.35) for aB, bB, cB and dB, with
mB the boundary mass parameter.
Boundary intertwining equations and K-matrix. The K-matrix K(p, B) ∈ End(Wp ⊗WB)
decomposes into a direct sum of K-matrices in four sectors KabB(T,T)(p, B), which correspond to the
partial K-matrices KabB(T,T)(p, B) ∈ End((C1|1⊗ C˙1|1)⊗ (C1|1⊗ C˙1|1)). Here the complete K-matrix
KB(T,T)(p, B) = K
LL
B(T,T)(p, B)⊕KLRB(T,T)(p, B)⊕KRLB(T,T)(p, B)⊕KRRB(T,T)(p, B) (6.26)
satisfies the boundary intertwining equations (4.37) for all b ∈ [psu(1|1)2 ⊕ u(1)]2c , with pip and p¯ip
the representations (5.15) and (5.16), and the reflected representations pi−p and p¯i−p and boundary
representations piB and p¯iB similarly defined. The complete K-matrix is required to be unitary.
This K-matrix of a psu(1, 1|2)2 spin-chain with a vector boundary can be built from two copies of
the K-matrix of a d(2, 1;α)2 spin-chain with a similar boundary given in Section 4.3 – which have
partial K-matrices of the form
KabBT(p, B) =
∑
i,j,k, l
(K abBT(p, B))
i k
j l Eij ⊗ Ekl, K˙abBT(p, B) =
∑
i˙, j˙, k˙, l˙
(K abBT(p, B))
i˙ k˙
j˙ l˙
Ei˙j˙ ⊗ Ek˙l˙.
The K-matrix KB(T,T)(p, B) then has partial K-matrices
KabB(T,T)(p, B) =
∑
i,i˙,j,j˙,
k,k˙,`, ˙`
(K abB(T,T)(p, B))
i i˙, kk˙
jj˙, ` ˙`
(Eij ⊗ Ei˙j˙)⊗ (Ek` ⊗ Ek˙ ˙`), (6.27)
where
(KabB(T,T)(p, B))
i i˙, kk˙
jj˙, ` ˙`
= (−1)(k+`)(i˙+j˙) (KabBT(p, B))ikj` (KabBT(p, B))i˙ k˙j˙ ˙` , (6.28)
and satisfies the reflection equation (4.43).
Part V
Discussion
We have derived integrable boundary S-matrices which describe magnon scattering off vector and
singlet boundaries for d(2, 1;α)2 and psu(1, 1|2)2 open spin-chains in AdS3/CFT2. These massive
magnon excitations have su(1|1)2c and [psu(1|1)2 ⊕ u(1)]2c bulk symmetries, which are the level-0
Lie superalgebras of bulk Hopf superalgebras. The matrix parts of these boundary S-matrices are
reflection K-matrices which are solutions of the boundary Yang-Baxter equation and the boundary
intertwining equations associated with a coideal subalgebra B of the bulk superalgebra A.
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In the case of the d(2, 1;α)2 open spin-chain, we find chiral integrable reflections associated with
∗ a totally supersymmetric boundary algebra, BT;
∗ left and right half-supersymmetric boundary algebras, BL and BR;
∗ a non-supersymmetric boundary algebra, BNC.
We also derive an achiral integrable reflection corresponding to a non-supersymmetric boundary
algebra BNA generated by the magnon Hamiltonian only. These all match to D1- and D5-brane
maximal giant graviton boundaries in AdS3×S3×S′3×S1. We uncover a hidden symmetry which
enhances the non-supersymmetric chiral boundary BNC to a diagonally supersymmetric coideal
subalgebra BD of A. This hidden symmetry BD has no known analogue in AdS5/CFT4.
In the case of the psu(1, 1|2)2 open spin-chain, the integrable bulk S-matrix was found in [21] to
be essentially two copies of the bulk S-matrix of the d(2, 1;α)2 spin-chain [20]. The same is true
for the integrable boundary S-matrices. We can put together two K-matrices for the d(2, 1;α)2
spin-chain, which are associated with boundary coideal subalgebras B1 and B2, to form a K-matrix
for a psu(1, 1|2)2 spin-chain corresponding to a boundary algebra denoted B(1,2). In this way, we
derived chiral integrable reflections associated with
∗ a totally supersymmetric boundary algebra, B(T,T);
∗ left, right and mixed half-supersymmetric boundary algebras, B(L,L), B(R,R), B(L,R) and B(R,L);
∗ left and right quarter-supersymmetric boundary algebras, B(L,NC), B(NC,L),B(R,NC) and B(NC,R);
∗ a non-supersymmetric boundary algebra, B(NC,NC).
Now only B(T,T), B(L,L), B(R,R) and B(NC,NC) have obvious interpretations as D1- and D5-brane maximal
giant gravitons in AdS3×S3× T 4. There are hidden symmetries enhancing the quarter supersym-
metric and non-supersymmetric chiral boundary algebras to B(L,D), B(D,L),B(R,D), B(D,R) and B(D,D).
There is also an achiral integrable reflection with a non-supersymmetric boundary algebra B(NA,NA),
which now has no clear D-brane interpretation.
It is well known that su(1|1)2c R-matrices can be identified with certain subsectors of the su(2|2)c
R-matrix [6, 70, 71]. We find that our K-matrices for the totally supersymmetric boundary can
be identified with the corresponding subsectors of the K-matrix associated with the Z = 0 giant
graviton [8] and the right factor of the K-matrix associated with the D7-brane [9]. The K-matrices
for the half-supersymmetric boundaries can be identified with the corresponding subsectors of the
K-matrix associated with the Y = 0 giant graviton [8] and its dual [57]. The K-matrix for the
non-supersymmetric chiral boundary is essentially two copies of the reflection matrix of [10], with
its free parameter a identified with our c and −1c in these copies. For certain values of the parameter
c, this K-matrix can also be identified with the corresponding subsectors of the left factor of the
K-matrix associated with the D7-brane [9]. The remaining K-matrices have no such analogues.
This work takes the first steps in an exploration of boundary integrability in AdS3/CFT2. There
are many important questions which may now be addressed. We expect to present the boundary
crossing symmetry relations and an analysis of boundary bound-states in future research. The
underlying boundary Yangian symmetries and the boundary Bethe equations in AdS3/CFT2 still
remain to be studied. Recently, the authors of [72] were able to incorporate massless magnons into
the AdS3/CFT2 bulk scattering picture. It would be interesting to extend our analysis to include
the scattering of massless excitations off integrable boundaries. The Wilson loop computations
of [73, 74] relied upon results [11] from AdS5/CFT4 boundary scattering and our work may prove
useful should similar computations be undertaken in AdS3/CFT2 dualities. Finally, it would be
interesting to study integrable boundaries for open superstrings on AdS3 supergravity backgrounds
with mixed NS-NS and R-R flux [72,75–82].
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Part VI
Appendices
A Spinor Conventions
Here we use the following 10D gamma matrices20
Γµ = σ1 ⊗ σ2 ⊗ γµ ⊗ I ⊗ I, Γn = σ1 ⊗ σ1 ⊗ I ⊗ γn ⊗ I,
Γn˙ = σ1 ⊗ σ3 ⊗ I ⊗ I ⊗ γn˙, Γ9 = σ2 ⊗ I ⊗ I ⊗ I ⊗ I, (A.1)
where we now choose γµ = (iσ3, σ2, σ1), γn = (σ1, σ3, σ2) and γn˙ = (σ1, σ3, σ2). Hence
Γ012 = σ1 ⊗ σ2 ⊗ I⊗ I⊗ I, Γ345 = − i σ1 ⊗ σ1 ⊗ I⊗ I⊗ I, Γ678 = − i σ1 ⊗ σ3 ⊗ I⊗ I⊗ I. (A.2)
The Weyl condition Γε = ε is written in terms of the chirality matrix as
Γ ≡ Γ0123456789 = σ3 ⊗ I ⊗ I ⊗ I ⊗ I. (A.3)
The Majorana condition on left- and right-moving spinors is (BεL)∗ = εL and (BεR)∗ = −εR, with
B ≡ Γ2 Γ5 Γ8 Γ9 = −σ3 ⊗ I ⊗ σ1 ⊗ σ2 ⊗ σ2, (A.4)
which satisfies B ΓM B−1 = (ΓM )∗, with B−1 = B. The charge conjugation matrix is defined to be
C ≡ B Γ0 = i σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2, (A.5)
satisfying C ΓM C−1 = − (ΓM )∗, with C−1 = −C. We can compute the bilinears
Γ12 = − i I ⊗ I ⊗ σ3 ⊗ I ⊗ I, Γ35 = i I ⊗ I ⊗ I ⊗ σ3 ⊗ I, Γ68 = i I ⊗ I ⊗ I ⊗ I ⊗ σ3. (A.6)
We define kappa symmetry projection operators for the AdS3 × S3 × S3 × S1 background as
K±(α) ≡ 1
2
[
1 ± (√α Γ012 Γ345 +√1− α Γ012 Γ678)]
=
1
2
I ⊗ [I ∓ (√α σ3 −√1− α σ1)] ⊗ I ⊗ I ⊗ I, (A.7)
20We make use of the conventions of [13] with a rearrangement of the Pauli matrices.
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which are dependent on the parameter α, which controls the relative size of the 3-spheres and
appears also in the superconformal algebra d(2, 1;α)L⊕ d(2, 1;α)R⊕ u(1). In the limit as α→ 1, we
obtain the kappa symmetry projectors for the the AdS3 × S3 × T 4 background
K± ≡ 1
2
(
1 ± Γ012 Γ345) = 1
2
I ⊗ (I ∓ σ3) ⊗ I ⊗ I ⊗ I, (A.8)
with the superconformal algebra now psu(1, 1|2)L ⊕ psu(1, 1|2)R ⊕ u(1)4.
B Representations of d(2, 1;α) and psu(1, 1|2)
B.1 d(2, 1;α) superalgebra and BPS representations
Let us briefly review the representation theory of the exceptional Lie superalgebra d(2, 1;α) based
on [13,20,83]. The bosonic subalgebra of d(2, 1;α) is su(1, 1)⊕su(2)⊕su(2)′. The bosonic generators
are denoted
Jµ ∈ su(1, 1), Lm ∈ su(2), Rm˙ ∈ su(2)′,
with µ ∈ {0,±}, m ∈ {5,±}, m˙ ∈ {8,±}, and the fermionic generators Qbββ˙, with ± indices. The
full d(2, 1;α) superalgebra is given by
[J0, J±] = ± J±, [J+, J−] = 2J0, [J0, Q±ββ˙] = ± 12 Q±ββ˙, [J±, Q∓ββ˙] = Q±ββ˙,
[L5, L±] = ±L±, [L+, L−] = 2L5, [L5, Qb±β˙] = ± 12 Qb±β˙, [L±, Qb∓β˙] = Qb±β,
[R8, R±] = ±R±, [R+, R−] = R8, [R8, Qbβ±] = ± 12 Qbβ±, [R±, Qbβ±] = Qbβ±,
{Q±++, Q±−−} = ± J±, {Q±+−, Q±−+} = ∓ J±, (B.1)
{Q+±+, Q−±−} = ∓αL±, {Q+±−, Q−±+} = ±α L±,
{Q++±, Q−−±} = ∓ (1− α) R±, {Q+−±, Q−+±} = ± (1− α) R±,
{Q+±±, Q−∓∓} = − J0 ± αL5 ± (1− α)R8, {Q+±∓, Q−∓±} = J0 ∓ αL5 ± (1− α)R8.
The bosonic and fermionic generators {J+,L+,R+} and {Q+++,Q++−,Q+−+,Q+−−} are raising
operators. The Cartan subalgebra is generated by {H,L5,R8}, with H = −J0 − αL5 − (1− α)R8.
Half-BPS representation (−α2 , 12 , 0). The module Mα(−α2 , 12 , 0) on which this representation
of d(2, 1;α) acts is spanned by bosons |φ(n)± 〉, which transform in the 2 of su(2), and fermions
|ψ(n)± 〉, which transform in the 2 of su(2)′, both transforming non-trivially also under su(1, 1). The
non-trivial action of d(2, 1;α) on this module is given by
L5 |φ(n)± 〉 = ± 12 |φ
(n)
± 〉, L± |φ(n)∓ 〉 = |φ(n)± 〉,
R8 |ψ(n)± 〉 = ± 12 |ψ
(n)
± 〉, R± |ψ(n)∓ 〉 = |ψ(n)± 〉,
J0 |φ(n)β 〉 = − (α2 + n) |φ
(n)
β 〉, J0 |ψ(n)β˙ 〉 = − (
α
2 +
1
2 + n) |ψ
(n)
β˙
〉,
J± |φ(n)β 〉 = ±
√
n(n− 12 ∓ 12 + α) |φ
(n∓1)
β 〉, J± |ψ(n)β˙ 〉 = ±
√
n(n+ 12 ∓ 12 + α) |ψ
(n∓1)
β˙
〉,
Q−±β˙ |φ(n)∓ 〉 = ±
√
n+ α |ψ(n)
β˙
〉, Q+±β˙ |φ(n)∓ 〉 = ±
√
n |ψ(n−1)
β˙
〉,
Q−β± |ψ(n)∓ 〉 = ∓
√
n+ 1 |φ(n+1)β 〉, Q+β± |ψ(n)∓ 〉 = ∓
√
n+ α |φ(n)β 〉. (B.2)
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The highest weight state |φ(0)+ 〉 is annihilated by all the raising operators, as well as by R− and
by two of the four fermionic lowering operators, Q−++ and Q−+−. This representation is therefore
half-BPS with the shortening condition
{Q+−∓, Q−+±} |φ(0)+ 〉 = (∓ J0 ∓ αL5 + (1− α)R8) |φ(0)+ 〉 = 0, (B.3)
which implies H |φ(0)+ 〉 = 0. The lowering operators act non-trivially on this highest weight state as
L− |φ(0)+ 〉 = |φ(0)− 〉, J− |φ(0)+ 〉 = − |φ(1)+ 〉, Q−−+ |φ(0)+ 〉 = −
√
α |ψ(0)+ 〉, Q−−− |φ(0)+ 〉 = −
√
α |ψ(0)− 〉.
(B.4)
Half-BPS representation (−1−α2 , 0, 12). The module M ′ (1−α)(−1−α2 , 12 , 0) on which this repre-
sentation of d(2, 1;α) acts is spanned by bosons |φ′ (n)± 〉, which transform in the 2 of su(2)′, and
fermions |ψ′ (n)± 〉, which transform in the 2 of su(2), both transforming non-trivially under su(1, 1).
The non-trivial action of d(2, 1;α) on this module is given by
R8 |φ′ (n)± 〉 = ± 12 |φ
′ (n)
± 〉, R± |φ′ (n)∓ 〉 = |φ′ (n)± 〉,
L5 |ψ′ (n)± 〉 = ± 12 |ψ
′ (n)
± 〉, L± |ψ′ (n)∓ 〉 = |ψ′ (n)± 〉,
J0 |φ′ (n)β˙ 〉 = − (
1−α
2 + n) |φ
′ (n)
β˙
〉, J0 |ψ′ (n)β 〉 = − (1−α2 + 12 + n) |ψ
′ (n)
β 〉,
J± |φ′ (n)β 〉 = ±
√
n(n+ 12 ∓ 12 − α) |φ
′ (n∓1)
β 〉, J± |ψ′ (n)β˙ 〉 = ±
√
n(n+ 32 ∓ 12 − α) |ψ
′ (n∓1)
β˙
〉,
Q−β± |φ′ (n)∓ 〉 = ±
√
n+ 1− α |ψ′ (n)β 〉, Q+β± |φ′ (n)∓ 〉 = ±
√
n |ψ′ (n−1)β 〉,
Q−±β˙ |ψ′ (n)∓ 〉 = ∓
√
n+ 1 |φ′ (n+1)
β˙
〉, Q+±β˙ |ψ′ (n)∓ 〉 = ∓
√
n+ 1− α |φ′ (n)
β˙
〉. (B.5)
The highest weight state |φ′ (0)+ 〉 is annihilated by all the raising operators, as well as by L− and
by two of the four fermionic lowering operators, Q−++ and Q−−+. This representation is therefore
half-BPS with the shortening condition
{Q+∓−, Q−±+} |φ′ (0)+ 〉 = (∓ J0 − αL5 ∓ (1− α)R8) |φ′ (0)+ 〉 = 0, (B.6)
which implies H |φ(0)+ 〉 = 0. The lowering operators act non-trivially on this highest weight state as
L− |φ′ (0)+ 〉 = |φ′ (0)− 〉, J− |φ′ (0)+ 〉 = − |φ′ (1)+ 〉,
Q−+− |φ′ (0)+ 〉 = −
√
1− α |ψ′ (0)+ 〉, Q−−− |φ′ (0)+ 〉 = −
√
1− α |ψ′ (0)− 〉. (B.7)
Quarter-BPS representation (−α2 , 12 , 0) ⊗ (−1−α2 , 0, 12). The tensor product representation of
the two half-BPS representations consists of vectors in the module M = Mα ⊗ M ′ (1−α). The
highest weight state is |φ(0)+ φ′ (0)+ 〉 which is annihilated by all the raising operators and one of the
four fermionic lowering operators, Q−++. This representation is quarter-BPS with the shortening
condition
{Q+−−, Q−++} |φ(0)+ φ′ (0)+ 〉 = − (J0 + αL5 + (1− α)R8) |φ(0)+ φ′ (0)+ 〉 = −H |φ(0)+ φ′ (0)+ 〉 = 0, (B.8)
and the other elements of the Cartan subalgebra act on the highest weight state as
L5 |φ(0)+ φ′ (0)+ 〉 = 12 |φ
(0)
+ φ
′ (0)
+ 〉, R8 |φ(0)+ φ′ (0)+ 〉 = 12 |φ
(0)
+ φ
′ (0)
+ 〉. (B.9)
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The non-trivial action of the bosonic lowering operators on this highest weight state is
J− |φ(0)+ φ′ (0)+ 〉 = − |φ(1)+ φ′ (0)+ 〉 − |φ(0)+ φ′ (1)+ 〉,
L− |φ(0)+ φ′ (0)+ 〉 = |φ(0)− φ′ (0)+ 〉, R− |φ(0)+ φ′ (0)+ 〉 = |φ(0)+ φ′ (0)− 〉, (B.10)
and the non-trivial action of the fermionic lowering operators is
Q−−+ |φ(0)+ φ′ (0)+ 〉 = −
√
α |ψ(0)+ φ′ (0)+ 〉,
Q−+− |φ(0)+ φ′ (0)+ 〉 = −
√
1− α |φ(0)+ ψ′ (0)+ 〉,
Q−−− |φ(0)+ φ′ (0)+ 〉 = −
√
α |ψ(0)− φ′ (0)+ 〉 −
√
1− α |φ(0)+ ψ′ (0)− 〉. (B.11)
B.2 psu(1, 1|2) superalgebra and BPS representations
Here we review, based on [21], the representation theory of the Lie superalgebra psu(1, 1|2), which
has the bosonic subalgebra of d(2, 1;α) is su(1, 1)⊕ su(2). The bosonic generators are
Jµ ∈ su(1, 1), Lm ∈ su(2),
with µ ∈ {0,±}, m ∈ {5,±}, and the fermionic generators Qbββ˙, with ± indices. The full psu(1, 1|2)
superalgebra is
[J0, J±] = ± J±, [J+, J−] = 2J0, [J0, Q±ββ˙] = ± 12 Q±ββ˙, [J±, Q∓ββ˙] = Q±ββ˙,
[L5, L±] = ±L±, [L+, L−] = 2L5, [L5, Qb±β˙] = ± 12 Qb±β˙, [L±, Qb∓β˙] = Qb±β,
{Q±++, Q±−−} = ± J±, {Q±+−, Q±−+} = ∓ J±,
{Q+±+, Q−±−} = ∓L±, {Q+±−, Q−±+} = ± L±,
{Q+±±, Q−∓∓} = − J0 ± L5, {Q+±∓, Q−∓±} = J0 ∓ L5. (B.12)
The bosonic generators {J+,L+} and fermionic generators {Q+++,Q++−,Q+−+,Q+−−} are the
raising operators. The Cartan subalgebra is generated by {H,L5}, with H = −(J0 + L5). There is
also a u(1) automorphism R8 which satisfies
[R8,Qbββ˙] = ± 12 Qbββ˙. (B.13)
This psu(1, 1|2) superalgebra can be seen as the α→ 1 limit of the d(2, 1;α) superalgebra.
Half-BPS representation (−12 , 12). This representation of psu(1, 1|2) acts on the moduleM(−12 , 12)
which is spanned by bosons |φ(n)± 〉, transforming in the 2 of su(2), and fermions |ψ(n)± 〉 which are
singlets. Both transform non-trivially under su(1, 1). The superalgebra psu(1, 1|2) acts as
L5 |φ(n)± 〉 = ± 12 |φ
(n)
± 〉, L± |φ(n)∓ 〉 = |φ(n)± 〉,
J0 |φ(n)β 〉 = − (12 + n) |φ
(n)
β 〉, J0 |ψ(n)β˙ 〉 = − (1 + n) |ψ
(n)
β˙
〉,
J± |φ(n)β 〉 = ± (n+ 12 ∓ 12) |φ
(n∓1)
β 〉, J± |ψ(n)β˙ 〉 = ±
√
(n+ 12 ∓ 12)(n+ 32 ∓ 12) |ψ
(n∓1)
β˙
〉,
Q−±β˙ |φ(n)∓ 〉 = ±
√
n+ 1 |ψ(n)
β˙
〉, Q+±β˙ |φ(n)∓ 〉 = ±
√
n |ψ(n−1)
β˙
〉,
Q−β± |ψ(n)∓ 〉 = ∓
√
n+ 1 |φ(n+1)β 〉, Q+β± |ψ(n)∓ 〉 = ∓
√
n+ 1 |φ(n)β 〉. (B.14)
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The highest weight state |φ(0)+ 〉 is annihilated by the raising operators, as well as by two of the
four fermionic lowering operators, Q−++ and Q−+−. This representation is half-BPS with the
shortening condition
{Q+−∓, Q−+±} |φ(0)+ 〉 = ∓ (J0 + L5) |φ(0)+ 〉 = ∓H |φ(0)+ 〉 = 0. (B.15)
The lowering operators act non-trivially on this highest weight state as
L− |φ(0)+ 〉 = |φ(0)− 〉, J− |φ(0)+ 〉 = − |φ(1)+ 〉, Q−−+ |φ(0)+ 〉 = − |ψ(0)+ 〉, Q−−− |φ(0)+ 〉 = − |ψ(0)− 〉. (B.16)
C Bosonic Symmetries
C.1 SO(2, 2) isometry group
so(2, 2) splitting. Let us specify the Lie algebra splitting so(2, 2) = su(1, 1)L ⊕ su(1, 1)R. Here
SO(2, 2) group transformations act on xµ = (x1, x2, x3, x4) ∈ AdS3 ⊂ R2+2. If we combine the
vector components into a quaternion
x ≡ xµτµ, with τµ = (i I, iσ3, σ1, σ2) = (i I, tk), (C.1)
then SO(2, 2) transformations can be realised as a SU(1, 1)L × SU(1, 1)R transformation
x −→ UL x U−1R ≈ x + δx, with UL = eα
k tk ∈ SU(2)L and UR = e− α¯k tk ∈ SU(2)R,
where thus
δx = αk tk x− α¯k x tk = δxµ τµ. (C.2)
The double-covering nature of this relationship corresponds to the fact that (±UL,±UR) generate
the same SO(2, 2) rotation. The rotation angles and boost parameters are
θ12 = −θ21 = α3 − α¯3, β14 = β14 = α2 − α¯2, β13 = β13 = α1 − α¯1,
θ34 = −θ43 = −(α3 + α¯3), β24 = β42 = −(α2 + α¯2), β23 = β32 = α1 + α¯1. (C.3)
Here ei α
3σ3 and ei α¯
3σ3 are in the Cartan subgroups U(1)L ⊂ SU(1, 1)L and U(1)R ⊂ SU(1, 1)R. The
u(1)⊕ u(1) generators of rotations by θ12 and θ34 can be written as JL 0 − JR 0 and −(JL 0 + JR 0) in
terms of the left and right generators, Ja 0, of the Cartan subalgebra u(1)L ⊕ u(1)R.
C.2 SO(4) isometry group
so(4) splitting. Let us specify the Lie algebra splitting so(4) ∼ su(2)L⊕su(2)R. A SO(4) rotation
acts on xK = (x1, x2, x3, x4) ∈ S3 ⊂ R4. If we combine the vector components into a quaternion
x ≡ xK τK , with τK = (I, iσ3, iσ1, iσ2), (C.4)
then any rotation in SO(4) can be realised (in two ways) as a SU(2)L × SU(2)R transformation
x −→ UL x U−1R ≈ x + δx, with UL = ei α
kσk ∈ SU(2)L and UR = ei α¯kσk ∈ SU(2)R,
where
δx = i (αk σk x− α¯k xσk) = δxK τK . (C.5)
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The rotation angles are given by
θ12 = −θ21 = α3 − α¯3, θ14 = −θ41 = α2 − α¯2, θ13 = −θ42 = α1 − α¯1,
θ34 = −θ43 = −(α3 + α¯3), θ23 = −θ32 = −(α2 + α¯2), θ24 = −θ42 = α1 + α¯1. (C.6)
Here ei α
3σ3 and ei α¯
3σ3 are elements of the Cartan subgroups U(1)L ⊂ SU(2)L and U(1)R ⊂ SU(2)R.
The u(1)⊕u(1) generators of rotations by θ12 and θ34 can be written as LL 5−LL 5 and −(LL 5 +LR 5)
in terms of the left and right generators, La 5, of the Cartan subalgebra u(1)L ⊕ u(1)R.
so(4)′ splitting. There is a similar splitting so(4)′ ∼ su(2)′L⊕su(2)′R with the u(1)⊕u(1) generators,
RL 5−RL 5 and −(RL 5+RR 5), of rotations by θ′12 and θ′34 written in terms of left and right generators,
Ra 8, of the Cartan subalgebra u(1)
′
L ⊕ u(1)′R.
d(2, 1;α)2 spin-chain fields. This d(2, 1;α)2 spin-chain described in Chapter 3 contains left- and
right-moving fields which transform under so(4)⊕ so(4)′ ∼ (su(2)L ⊕ su(2)R)⊕ (su(2)′L ⊕ su(2)′R).
Let us define Z = x1 + ix2 and Y = x3 + ix4, which transform under SO(4). We notice that
x =
(
x1 + ix2 i (x3 − ix4)
i (x3 + ix4) x1 − ix2
)
=
(
Z iY¯
iY Z¯
)
. (C.7)
We can write a similar relation for Z ′ = x′1 + ix′2 and Y ′ = x′3 + ix′4 transforming under SO(4)′.
Now φ
(0)
Lβ = (φ
(0)
L +, φ
(0)
L−) and φ
(0)
R β˙
= (φ
(0)
R +, φ
(0)
R−) transform non-trivially under SU(2)L and SU(2)R,
respectively. Thus Z and Y (and their complex conjugates Z¯ and Y¯ ) transform under the rotational
symmetry SO(4) ∼ SU(2)L × SU(2)R as
Z ∼
(
φ
(0)
L +
φ
(0)
R +
)
, Z¯ ∼
(
φ
(0)
L−
φ
(0)
R−
)
, Y ∼
(
φ
(0)
L−
φ
(0)
R +
)
, Y¯ ∼
(
φ
(0)
L +
φ
(0)
R−
)
in the notation of the fields in our double-row spin-chain. Similarly, for the primed fields associated
with the SO(4)′ rotational symmetry group,
Z ′ ∼
(
φ
′ (0)
L +
φ
′ (0)
R +
)
, Z¯ ′ ∼
(
φ
′ (0)
L−
φ
′ (0)
R−
)
, Y ′ ∼
(
φ
′ (0)
L−
φ
′ (0)
R +
)
, Y¯ ′ ∼
(
φ
′ (0)
L +
φ
′ (0)
R−
)
.
The vacuum of the d(2, 1;α)2 spin-chain therefore transforms as
Z =
(
ZL
ZR
)
=
(
(φ
(0)
L +, φ
′ (0)
L + )
(φ
(0)
R +, φ
′ (0)
R + )
)
∼ ZZ ′,
while the fundamental bosonic excitations transform as
φ =
(
φL
ZR
)
=
(
(φ
(0)
L−, φ
′ (0)
L + ),
(φ
(0)
R +, φ
′ (0)
R + )
)
∼ Y Z ′, φ′ =
(
φ′L
ZR
)
=
(
(φ
(0)
L +, φ
′ (0)
L− )
(φ
(0)
R +, φ
′ (0)
R + )
)
∼ ZY ′,
φ¯ =
(
ZL
φR
)
=
(
(φ
(0)
L−, φ
′ (0)
L + )
(φ
(0)
R +, φ
′ (0)
R + )
)
∼ Y¯ Z ′, φ¯′ =
(
ZL
φ′R
)
=
(
(φ
(0)
L +, φ
′ (0)
L− )
(φ
(0)
R +, φ
′ (0)
R + )
)
∼ ZY¯ ′.
Here a composite state of the φ and φ′ excitations would transform as Y Y ′.
54
psu(1, 1|2)2 spin-chain fields. The psu(1, 1|2)2 spin-chain described in Chapter 5 contains left
and right-moving fields which transform under so(4) ∼ su(2)L ⊕ su(2)R.
Defining again Z = x1+ix2 and Y = x3+ix4, we find that the vacuum of the psu(1, 1|2)2 spin-chain
transforms as
Z =
(
ZL
ZR
)
=
(
φ
(0)
L +
φ
(0)
R +
)
∼ Z,
while, for the first bosonic excitations,
ϕ++˙ =
(
ϕ++˙L
ZR
)
=
(
φ
(0)
L−
φ
(0)
R +
)
∼ Y, ϕ¯++˙ =
(
ZL
ϕ++˙R
)
=
(
φ
(0)
L +
φ
(0)
R−
)
∼ Y¯ .
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